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Abstract

The epicenter of this paper concerns Pfister quadratic forms over a field F with a Henselian
discrete valuation. All characteristics are considered but we focus on the most complicated case
where the residue field has characteristic 2 but F' does not. We also prove results about round
quadratic forms, composition algebras, generalizations of composition algebras we call conic
algebras, and central simple associative symbol algebras. Finally we give relationships between
these objects and Kato’s filtration on the Milnor K-groups of F.
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Introduction

The theory of quadratic forms over a field F with a Henselian discrete valuation is well
understood in case the residue field F has characteristic different from 2 thanks to Springer [47].
But when F is imperfect of characteristic 2, the theorems are much more complicated—see, e.g.,
[51] and [23]—reflecting perhaps the well-known fact that quadratic forms are not determined
by valuation-theoretic data, as illustrated below in Example 11.14. However, more can be said
when one focuses on Pfister quadratic forms over F and more generally round forms, see Part II
below.

In Part III we change our focus to Kato’s filtration on the mod-p Milnor K-theory of a
Henselian discretely valued field of characteristic zero where the residue field has characteristic
p. (Again, if F has characteristic different from p, the mod-p Galois cohomology and Milnor
K-theory of F are easily described in terms of F, see [19, pp. 17-19] and [20, 7.1.10].) We give
translations between valuation-theoretic properties of Pfister forms, octonion algebras, central
simple associative algebras of prime degree (really, symbol algebras), and cyclic field extensions
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of prime degree over F on the one hand and properties of the corresponding symbols in Milnor
K-theory on the other.

Along the way, we prove some results that are of independent interest, which we now high-
light. Part I treats quadratic forms and composition algebras over arbitrary fields. It includes a
Skolem-Noether Theorem for purely inseparable subfields of composition algebras (Th. 5.7) and
a result on factoring quadratic forms (Prop. 3.12). We also give a new family of examples of
what we call conic division algebras, which are roughly speaking division algebras where every
element satisfies a polynomial of degree 2, see Example 6.6. More precisely, we show that—
contrary to what is known, e.g., over the reals—a Pfister quadratic form of characteristic 2 is
anisotropic if and only if it is the norm of such a division algebra (Cor. 6.5).

Part IT focuses on round quadratic forms and composition algebras over a field F with a
2-Henselian discrete valuation with residue field of characteristic 2. From this part, our Local
Norm Theorem 8.10 has already been applied in [56]. We also relate Tignol’s height w from [52]
with Saltman’s level hgt.. .. from [46], with a nonassociative version of Saltman’s level that we
denote by hgt,., and with valuation-theoretic properties of composition algebras, see Th. 12.11
and Cor. 19.3. We show that composition division algebras over F having pre-assigned valuation
data, subject to a few obvious constraints, always exist (Cor. 11.13), though they are far from
unique up to isomorphism (Example 11.14).

Part III gives a K-theoretic proof of the Local Norm Theorem (Th. 15.2); it has an easy
proof but stronger hypotheses than the version in Part II. Finally, our Gathering Lemma 16.1 is
independent of the rest of the paper and says that one may rewrite symbols in a convenient form.

Let us now discuss what happens “under the hood”. The basic technical result in Part I is a
non-orthogonal analogue of the classical Cayley-Dickson construction for conic algebras. It is
used to prove the Skolem-Noether Theorem mentioned above as well as to construct the examples
of conic division algebras.

In Part II, we proceed to a more arithmetic set-up by considering a base field F, discretely
valued by a normalized discrete valuation A: F — Z U {oo}, which is 2-Henselian in the sense
that it satisfies Hensel’s lemma for quadratic polynomials. Our main goal is to understand com-
position algebras and Pfister quadratic forms over F. For this purpose, the results of [43]—where
the base field was assumed to be complete rather than Henselian—carry over to this more general
(and also more natural) setting virtually unchanged; we use them here here without further ado.
Moreover, we will be mostly concerned with “wild” composition algebras over F' (see 7.15 be-
low for the precise definition of this term in a more general context) since a complete description
of the “tame” ones in terms of data living over the residue field of F has been given in [43].
The approach adopted here owes much to the work of Kato [24, § 1], Saltman [46] and particu-
larly Tignol [52] on wild associative division algebras of degree the residual characteristic p > 0
of their (possibly non-discrete) Henselian base field. Moreover, our approach is not confined
to composition algebras but, at least to a certain extent, works more generally for (nonsingular)
pointed quadratic spaces that are round (e.g., Pfister) and anisotropic. We attach valuation data to
these spaces, among which not so much the usual ones (ramification index (7.9(b)) and pointed
quadratic residue space (7.9(c))), but wildness-detecting invariants like the trace exponent (8.1)
play a significant role. After imitating the quadratic defect [36, 63A] for round and anisotropic
pointed quadratic spaces (8.8) and extending the local square theorem [36, 63:1] to this more
general setting (Thm. 8.10), we proceed to investigate the behavior of our valuation data when
passing from a wild, round and anisotropic pointed quadratic space P having ramification index
1 as input to the output Q := {u) ® P, for any non-zero scalar u € F (Section 9). In all cases
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except one, the output, assuming it is anisotropic, will again be a wild pointed quadratic space.
Remarkably, the description of the exceptional case (Thm. 9.9), where the input is assumed to
be Pfister and the output turns out to be tame, when specialized to composition algebras, relies
critically on the non-orthogonal Cayley-Dickson construction encountered in the first part of the
paper (Cor. 10.18). This connection is due to the fact that our approach also lends itself to the
study of what we call A-normed and A-valued conic algebras (Section 10), the latter forming a
class of conic division algebras over F' that generalize ordinary composition algebras and turn
out to exist in all dimensions 2", n = 0,1,2,..., once F has been chosen appropriately (Exam-
ples 10.7,10.15). There is yet another unusual feature of the exceptional case: though exclusively
belonging to the theory of quadratic forms (albeit in an arithmetic setting), it can be resolved here
only by appealing to elementary properties of flexible conic algebras (Thm. 10.17). The second
part of the paper concludes with extending Tignol’s notion of height [52], which agrees with
Saltman’s notion of level [46], to composition division algebras over F and relating them to the
valuation data introduced before (Thm. 12.11).

In the third part of the paper, we consider the case where F' has characteristic zero and a prim-
itive p-th root of unity and has a Henselian discrete valuation with residue field of characteristic
p. In that setting, Kato, Bloch, and Gabber gave a description of the mod-p Milnor K-groups
kq(F) in [24, 25, 26, 5]; we use [11] as a convenient reference. We relate properties of a sym-
bol in k,(F) with valuation-theoretic properties of the corresponding algebra, see Prop. 19.1 and
Th. 19.2.
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Part I

Base fields of characteristic 2

1. Standard properties of conic algebras

Although composition algebras are our main concern in this paper, quite a few of our results
remain valid under far less restrictive conditions. The appropriate framework for some of these
conditions is provided by the category of conic algebras. They are the subject of the present
section.

We begin by fixing some terminological and notational conventions about non-associative
algebras in general and about quadratic forms. For the time being, we let k be a field of ar-
bitrary characteristic. Only later on (Sections 3—6) will we confine ourselves to base fields of
characteristic 2.

1.1. Algebras.

Non-associative (= not necessarily associative) algebras play a dominant role in the present
investigation. For brevity, they will often be referred to simply as algebras (over k) or as k-
algebras. A good reference for the standard vocabulary is [57].

Left and right multiplication of a k-algebra A will be denoted by x — L, and x — R,,
respectively. A is called unital if it has an identity (or unit) element, denoted by 14. A subalgebra

4



of A is called unital if it contains the identity element of A. Algebra homomorphisms are called
unital if they preserve identity elements. Commutator and associator of A will be denoted by
[x,y] = xy — yx and [x,y, 7] = (xy)z — x(yz), respectively. If A is unital, then

Nuc(A) :={x € A|[A, A, x] = [A, x,A] = [x,A,A] = {0}}
is a unital associative subalgebra of A, called its nucleus, and
Cent(A) := {x € Nuc(A) | [A, x] = {0}

is a unital commutative associative subalgebra of A, called its centre. We say A is central
(resp. has trivial nucleus) if Cent(A) = k14 (resp. Nuc(A) = kl,).
A k-algebra A is called flexible if it satisfies the flexible law

xyx = (xy)x = x(yx). (D)

A is said to be alternative if the associator is an alternating (trilinear) function of its arguments.
This means that A is flexible and satisfies the left and right alternative laws

x(xy) = Xy, (yx)x = yx’. 2
Furthermore, the left, middle and right Moufang identities

x(y(x2)) = (xyx)z,  x(y2)x = (xy)(zx), ((zx)y)x = z(xyx) 3)

hold.

1.2. Quadpratic forms.

Our main reference in this paper for the algebraic theory of quadratic forms is [16], although
our notation will occasionally be different and we sometimes work in infinite dimensions. Let V
be vector space over k, possibly infinite-dimensional. Deviating from the notation used in [16],
we write the polar form of a quadratic form g: V — &, also called the bilinear form associated
with ¢ or its bilinearization, as dgq, so dg: V X V — k is the symmetric bilinear form given by

0q(x,y) := g(x +y) — q(x) — q(y) (x,yeV).

Most of the time we simplify notation and write g(x,y) := dg(x,y) if there is no danger of
confusion. The quadratic form g is said to be nonsingular if it has finite dimension and its polar
form is nondegenerate in the usual sense, i.e., for any x € V, the relations dg(x,y) = O for
all y € V imply x = 0. Recall that nonsingular quadratic forms have even dimension if the
characteristic is 2 [16, Chap. 2, Remark 7.22].

1.3. Conic algebras.

We consider a class of non-associative algebras that most authors refer to as quadratic [57]
or algebras of degree 2 [34]. In order to avoid confusion with Bourbaki’s notion of a quadratic
algebra [6], we adopt a different terminology. A k-algebra C is said to be conic if it has an identity
element 1 # 0 and there exists a quadratic form n: C — k with x> — #(x)x + n(x)1¢ = 0 for all
x € C, where ¢ is defined by 7 := dn(l¢,—): C — k and hence is a linear form. The quadratic
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form n is uniquely determined by these conditions and is called the norm of C, written as nc. We
call tc := t = dnc(1¢, —) the trace of C and have

X —te(x+nc(x)lc =0, nc(le)=1, te(le) =2 (xe€0). (1)
Finally, the linear map
tc: C—C, x> c(x):=x" =tc(x)lc — x, 2)
called the conjugation of C, has period 2 and is characterized by the condition
I =1¢, xx" =nc®lc (xe€O). 3)

The property of an algebra to be conic is inherited by unital subalgebras. Injective unital ho-
momorphisms of conic algebras are automatically norm preserving. A conic algebra C over k is
said to be nondegenerate if the polar form dn¢ has this property. Thus finite-dimensional conic
algebras are nondegenerate iff their norms are nonsingular as quadratic forms. Orthogonal com-
plementation in C always refers to dnc. We say C is simple as an algebra with conjugation if
only the trivial (two-sided) ideals I C C satisfy I* = I.

1.4. Invertibility in conic algebras.

Let C be a conic algebra over k. By (1.3.1), the unital subalgebra of C generated by an
element a € C, written as k[a], is commutative associative and spanned by 1., a as a vector space
over k; in particular it has dimension at most 2. We say a is invertible in C if this is so in k[a],
i.e., if there exists an element a~' € k[a] (necessarily unique and called the inverse of a in C)
such that aa™' = 1¢. For a to be invertible in C it is necessary and sufficient that nc(a) # 0, in
which case a! = nc(a)~'a*. The set of invertible elements in C will always be denoted by C*.

As usual, a non-associative k-algebra A # {0} is called a division algebra if for all a,b € A,
a # 0, the equations ax = b, ya = b can be solved uniquely in A. The quest for conic division
algebras is an important topic in the present investigation. The following necessary criterion,
though trivial, turns out to be useful.

1.5 Proposition. The norm of a conic division algebra is anisotropic. O

The converse of this proposition does not hold (cf. 6.1). For char(k) # 2, conditions that
are necessary and sufficient for a conic algebra to be division have been given by Osborn [37,
Thm. 3].

1.6. Inseparable field extensions.

Exotic examples of conic algebras arise in connection with inseparability. Suppose k has
characteristic 2 and let K/k be a purely inseparable field extension of exponent at most 1, so
K?> C k. Then K is a conic k-algebra with ng(u) = u? for all u € K, dng = 0, tx = 0 and
tx = 1g. In particular, inseparable field extensions of exponent at most 1 over k are degenerate,
hence singular, conic division algebras.



1.7. Composition algebras.

Composition algebras form the most important class of conic algebras. Convenient refer-
ences, including base fields of characteristic 2, are [30, 48], although [30] introduces a slightly
more general notion. An algebra C over k is said to be a composition algebra if it is non-zero,
contains a unit element and carries a nonsingular quadratic form n: C — k that permits compo-
sition: n(xy) = n(x)n(y) for all x,y € C. Composition algebras are automatically conic. In fact,
the only quadratic form on C permitting composition is the norm of C in its capacity as a conic
algebra.

1.8. Basic properties of composition algebras.

Composition algebras exist only in dimensions 1,2, 4, 8 and are alternative. They are asso-
ciative iff their dimension is at most 4, and commutative iff their dimension is at most 2. The
base field is a composition algebra if and only if it has characteristic different from 2. Composi-
tion algebras of dimension 2 are the same as quadratic étale algebras. Composition algebras of
dimension 4 (resp. 8) are called quaternion (resp. octonion or Cayley) algebras. Two composi-
tion algebras are isomorphic if and only if their norms are isometric (as quadratic forms). The
conjugation of a composition algebra C over k is an algebra involution.

What is denied to arbitrary conic algebras holds true for composition algebras:

1.9 Proposition (Norm criterion for composition division algebras). A composition algebra is a
division algebra if and only if its norm is anisotropic. (|

By contrast, the norm of a composition algebra C with zero divisors over k is hyperbolic,
in which case we say C is split. Up to isomorphism, split composition algebras are uniquely
determined by their dimension, and their structure is explicitly known.

1.10. The Cayley-Dickson construction.

The main tool for dealing with conic algebras in general and composition algebras in partic-
ular is the Cayley-Dickson construction. Its inputs are a conic algebra B and a non-zero scalar
€ k. Its output is a conic algebra C := Cay(B, ) that is given on the vector space direct sum
C = B® Bj of two copies of B by the multiplication

(1 +vi g + vaj) := (uiuy + pvyvi) + (aug + vius)j (ui,vie B,i=1,2). (1)

Norm, polarized norm, trace and conjugation of C are related to the corresponding data of B by
the formulas

ne(u+vj) = np(u) — unp(v), 2

nc(uy +vyj,up + vaj) = np(uy, uz) — unp(vy, va), 3
tc(u+vj) = tg(u), 4)

(u+vj) =u"-vj &)

for all u,v,u;,v; € B, i = 1,2. Note that B embeds into C as a unital conic subalgebra through
the first summand; we always identify B C C accordingly. The Cayley-Dickson construction
Cay(B, p) is clearly functorial in B, under injective unital homomorphisms.

It is a basic fact that C is a composition algebra iff B is an associative composition algebra.
Conversely, we have the following embedding property, which fails for arbitrary conic algebras,
cf. Example 10.8 below.
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1.11. Embedding property.

Any proper composition subalgebra B of a composition algebra C over k is associative and
admits a scalar p € k* such that the inclusion B — C extends to an embedding Cay(B,u) — C
of conic algebras. More precisely, u € k* satisfies this condition iff u = —nc(y) for some
yeBtnC*

1.12. The Cayley-Dickson process.

Let B be a conic k-algebra. Using non-zero scalars y, ...,u, € K (n > 1), we write induc-
tively

C := Cay(B; iy, ..., 1) := Cay(Cay(B; U1, . - - » n-1)> Mn)

for the corresponding iterated Cayley-Dickson construction starting from B. It is a conic k-
algebra of dimension 2"dimg(B). We say C arises from B and the yj,...,u, by means of the
Cayley-Dickson process. The norm of C is given by

ne = Ui, ..., tn) ® N, (D

Here are the most important special cases of the Cayley-Dickson process.
Case 1: B = k, char(k) # 2.
Then ne = {ui, ..., u,) is an n-Pfister quadratic form. C is a composition algebra iff n < 3.
Case 2: B =k, char(k) = 2.
Then nc = (ui, ..., us)q is a quasi-Pfister (quadratic) form [16, § 10, p. 56]. Moreover, nc is
anisotropic iff C = k(~/u1, ..., 4/H,) is an extension field of k, necessarily purely inseparable of
exponent 1, hence never a composition algebra.
Case 3. B is a quadratic étale k-algebra.
Then np = {u] for some y € k [16, Example 9.4] and (1) shows that

ne = Uiy ..oty 1

is an (n + 1)-Pfister quadratic form over k. Moreover, C is a composition algebra iff n < 2.

Composition algebras other than the base field itself always contain quadratic étale subal-
gebras. Hence, by Cases 1,3 above and by the embedding property 1.11, they may all be ob-
tained from each one of these, even from the base field itself if the characteristic is not 2, by
the Cayley-Dickson process. The preceding discussion also shows that all Pfister and all quasi-
Pfister quadratic forms are the norms of appropriate conic algebras.

1.13. Inseparable subfields.

Let C be a composition division algebra over k. A unital subalgebra of C is either a com-
position (division) algebra itself or an inseparable extension field of k; in the latter case, k has
characteristic 2 and the extension is purely inseparable of exponent at most 1 [4]. The extent to
which this case actually occurs may be described somewhat more generally as follows.

Suppose k has characteristic 2, B is a conic k-algebra and pj,...,u, € k* are such that the
norm of

C :=Cay(B; 1, .- n) (D



is anisotropic, so all non-zero elements of C are invertible (1.4). Then, by Case 2 of 1.12,
K :=Cay(k;u1, ..., pn) €C

is a purely inseparable subfield of degree 2" and exponent 1.

Specializing this observation to n = 2 and B quadratic étale over k, we conclude that every
octonion division algebra over a field of characteristic 2 contains an inseparable subfield of
degree 4.

2. Flexible and alternative conic algebras

This section is devoted to some elementary properties of flexible and alternative conic alge-
bras. In particular, we derive expansion formulas for the norm of commutators and associators
that turn out to be especially useful in subsequent applications.

Phrased with appropriate care, most of the results obtained here remain valid over any com-
mutative associative ring of scalars. For simplicity, however, we continue to work over a field k of
arbitrary characteristic. We fix a conic algebra C over k and occasionally adopt the abbreviations
l=1¢c,n=nc,t=1tc.

2.1. Identities in arbitrary conic algebras.

The following identities, some of which have been recorded before, are assembled here for
the convenience of the reader and either hold by definition or are straightforward to check.

nc(le) = 1, (D

te(le) = 2, 2

tc(x) = nc(1c, x), 3)

X% = te(0)x = ne(0)]le, 4)
xoy:=xy+yx=ic(x)y+tc()x—nc(x,ylc, (5)
X' =te(x)le - x, (6)

xx* = nc(x)1c, @)

ne(x) = ne(x). (®)

2.2. Identities in flexible conic algebras.

We now assume that C is flexible. By McCrimmon [34, 3.4, Thm. 3.5], this implies the
following relations:

nc(xy, x) = nc(Nic(y) = nc(yx, x), (1)
ne(x,zy") = ne(xy, z) = ne(y, x'z), (2
ne(x,y) = te(xy®) = te()te(y) — te(xy), 3)

te(xy) = tc(yx),  tc(xyz) := tc((xy)z2) = tc(x(y2)). “

Moreover, the conjugation is an algebra involution of C, so we have (xy)* = y*x" forall x,y € C.
Dealing with flexible conic algebras has the additional advantage that this property is preserved
under the Cayley-Dickson construction [34, Thm. 6.8].
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2.3 Remark. By [34, 3.4], each one of the four(!) identities in (2.2.1),(2.2.2) is actually equivalent
to C being flexible.

The norm of a flexible conic algebra will in general not permit composition. But we have at
least the following result.

2.4 Proposition. Ler C be a flexible conic algebra over k. Then
ne(xy) = ne(yx), (1)
ne(lx, YD) = dnc(xy) = 1e(0)*ne(y) = 1)’ ne () + te(xy)ic(xy’) ©)
forall x,y € C.
Proof. Expanding the expression n(x o y) by means of (2.1.5),(2.1.3) yields

n(x oy) = (x)*n(y) + 1y n(x) + n(x, y)* — t(ty)n(x, y),

where flexibility allows us to invoke (2.2.3); we obtain
n(x 0 y) = 10)%n() + 1)n(x) = 1x)Hxy"). 3)
Now let £ = +1. Then
n(xy + gyx) = n(xy) + en(xy, yx) + n(yx) = n(xy) + (1 — 2e)n(yx) + en(x o y, yx),
and combining (2.1.5) with (2.2.1)(2.2.3),(2.2.4), we conclude
n(xy + eyx) = n(xy) + (1 = 2@+ e(t(x)’n(y) + 10)°n(x) = 1x)Hxy). “
Comparing (3) and (4) for & = 1 yields (1), while (1) and (4) for € = —1 yield (2). O]

2.5 Proposition. Let C be a nondegenerate conic algebra over k.

(a) C is simple as an algebra with conjugation (cf. 1.3).

(®) If ic is an algebra involution of C—in particular, if C is flexible—then C is either simple or
split quadratic étale.

Proof. (a) Let I C C be an ideal with I* = I. For x € I, y € C we linearize (2.1.7) and obtain
ne(x,y)le = xy* + yx* € I. Then either I = C or nc(x,y) =0 forall x € I, y € C, forcing I = {0}
by non-degeneracy.

(b) Assuming C is not simple, we must show it has dimension 2. Since (C,¢) is simple
as an algebra with involution by (a), there exists a k-algebra A such that (C,ic) = (AP @ A, &)
as algebras with involution, € being the exchange involution of A°? @ A. Then A, embedded
diagonally into A°? ® A, and

H:=HC,ic) ={xeClx=x"}CC

identify canonically as vector spaces over k. In particular, not only the dimension of H but also
its codimension in C agree with the dimension of A. Applying (2.1.6), we conclude that H has
dimension 1 for char(k) # 2 and codimension 1 for char(k) = 2. In both cases, C must be
2-dimensional. O

2.6 Proposition. Let C be a flexible conic algebra over k whose norm is anisotropic. Then either
C is nondegenerate or On¢ = 0.

Proof. Since, by 1.4, all non-zero elements of C are invertible, C is a simple algebra. On the

other hand, (2.2.2) shows that I := C* C C is an ideal. If I = {0}, then C is nondegenerate. If

I =C,then dnc = 0. O
10



2.7. Identities in conic alternative algebras.

If C is a conic alternative algebra, then by [34, p. 97] its norm permits composition:

nc(xy) = ne(x)cn(y). (D
Linearizing (1), we obtain
nc(xyy, x2y) = ne(xy, x2)nc(y), ()
ne(xy1, xy2) = nc(x)nc(yr, y2), 3
nc(x1y1, X2y2) + ne(x1y2, X2y1) = ne(xy, x2)nc(yi,y2). 4

Moreover, by [34, Prop. 3.9] and (2.2.3),
xyx = nc(x, y)x — ne(x)y” = fc(xy)x — ne(x)y". )
2.8 Theorem. Let C be a conic alternative algebra over k. Then
ne([x1, x2, x3]) = 4nc(xpnc(x2)nc(x3) — Z te(x) e (xne(x)+ (D
Z te(xixtc(xixInc(xg) = te(xyx2)tc(xx3)tc(x3.x1)+
te(xX1x2X3)1c(X2X1 X3)

for all xy, x», x3 € C, where both summations on the right of (1) are taken over the cyclic permu-
tations (i j1) of (123).

Proof. Expanding

n([x1, x2, x31) = n((x1x2)x3) = n((x1X2)x3, X1 (x2X3)) + n(x1(x2X3))
and applying (2.7.1), we conclude

n([x1, x2, x31) = 2n(x)In(x2)n(x3) — n((x1x2)x3, x1(x2%3)). 2)
Turning to the second summand on the right of (2), we obtain, by (2.7.4),
n((x1x2)x3, x1(x2%3)) = n(x1 X2, X1)n(x3, X2x3) — A((x1%2)(X2X3), X1%3),

where applying (2.2.1) to the first summand on the right yields

n((x1 x2)x3, X1 (X2%3)) = 1062) n(x3)n(x1) = n((x12)(x2.X3), X1 X3). 3)

Manipulating the expression (xjx;)(x2x3) by means of (2.1.5) and the Moufang identities (1.1.3),
we obtain

(x1x2)(x2x3) = (x1x2) © (X2x3) — (X2X3)(X1X2)

= t(x1x2)x2x3 + H(xpx3)x1 X2 — n(x1 X2, X2X3) 1 — X2(X3%1) X2,
where (2.7.5),(2.2.4) yield

(x1x2)(x2x3) = t(x1x2)X2x3 + 1(X2X3)X1 X — 1(X1 X2, XpX3)1— (€]
H(x1x2x3) X2 + n(x2)(x3x1)".
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Here we use (2.2.2),(2.1.6) to compute
n(x1 X2, X2X3) = n(x1, X2X3X5) = 1(x2)n(xy, X2x3) — (X1, X2X3X2)
and (2.2.3),(2.7.5) give
n(x1X2, X2X3) = Hx2)n(xy, x2x3) — t(xox3)n(x1, X2) + t(x3x1)n(x2)
= 1(xp)H(x2)t(x2x3) — t(x2)t(x1x2x3) — 1(x1)E(x2)E(x2Xx3)+
t(x1x2)t(x2x3) + t(x3x1)n(x2),

hence

n(x1x2, X2x3) = H(x1X2)8(x2x3) — H(x2)1(x1%2X3) + 1(x31)n(x2).
Inserting this into (4), and (4) into the second term on the right of (3), we conclude
n((x1x2)(X2X3), X1X3) = (X1 X2)n(X2X3, X1X3) + H(X2X3)1(X1 X2, X1 X3)—
1(x1x02)1(x2x3)1(x3.61) + H(x2)H(x3x1)1( X1 X2X3)—
1(x3x1)°1(x2) — 1(x1 X2X3)n(x2, X1X3)+
n((x3x1)", x1x3)n(x2)
= t(x1x2)1(x1 X5)n(x3) + t(x2x3)t(x2X3)n(x1 )~
1(x102)1(x2x3)1(x3.61) + H(x2)H(x3x1)1(x1x2X3)—
103 1) (x2) = 102213 X)X X203)+
11 %203)1(x2X1 X3) + 1(x3x7 X3)n(x2),
where we may use (2.1.4),(2.2.3),(2.2.2) to expand
17 x3)n(x2) — t(x3x1)2n(x2) = HO3x)n(x2) — H(xzx1)*n(x2)
= 1([#(x3)x3 — n(3)[#(x1)x1 — n(x)1n(x2)—
1(x3x1)*n(x2)
= 1(x3)t(x1 (3 x)n(x2) — 1x) nx)n(xs)—
1(x3)*n(x)n(x2) + 2n(x))n(x2)n(xs)—
1(x3x1)*n(xz)
= (XD x)N(R2) = (1) n(x)n(xs)—
1(x3)°n(x1)n(x2) + 2n(x1)n(x2)n(x3).

Inserting the resulting expression

n((x1x2)(x2X3), X1X3) = Z 10cx X)) — 100 x2)H(xx3)1(x3x1 )+
121 X23)1(x.X1 X3) — 1(x1)*n(x2)n(x3)—
1(x3)*n(x)n(x2) + 2n(x)n(x2)n(x3)
into (3) and (3) into (2), the theorem follows. O

Remark. The associator of a conic alternative algebra being alternating, its norm must be totally
symmetric in all three variables. Since the expression 7¢(xy*) is symmetric in x,y € C by (2.2.3),
this fact is in agreement with the right-hand side of (2.8.1).
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3. Interlude: Pfister bilinear and quadratic forms in characteristic 2

Working over an arbitrary field k of characteristic 2, the main purpose of this section is to
collect a few results on Pfister bilinear and Pfister quadratic forms that are hardly new but, at
least in their present form, apparently not in the literature. The final result, Prop. 3.12, concerns
quadratic forms in arbitrary characteristic and may be amusing even for experts.

Recall the following from, for example, [22, 8.5(iv)]. If one is given an anisotropic n-Pfister
bilinear form b = {ay, ..., @), then K := k(/ay,. .., \/a,) is a field of dimension 2" over k
such that K> C k. Conversely, given such an extension K/k, we can view K as a k-vector space
endowed with a k-valued quadratic form ¢: x — x?, and one checks that g is isomorphic to the
quadratic form v — b(v,v). This defines a bijection between isomorphism classes of extensions
K/k of dimension 2" with K? C k and anisotropic n-quasi-Pfister quadratic forms [16, 10.4].

3.1. Unital linear forms

We now refine this bijection. Fix an extension K/k as in the previous paragraph, and a k-
linear form s: K — k such that s(1x) = 1, i.e., s is a retraction of the inclusion k — K. (We say
that s is unital.) Define a symmetric bilinear

bixs: KXK—k via bgg(u,v):= s(uv)

for u,v € K; it is the transfer s.(1) in the notation of [16, §20.A]. Moreover, it is anisotropic
(hence nondegenerate) since by (u, u) = w* forue K.

We remark that if both s and 7 are unital linear forms on K, then (by the nondegeneracy of
bk s) there is some u € K* such that bg ((u,—) = 1, i.e., s(uv) = #(v) for all v € K.

3.2. Pfister bilinear forms

Fix a finite extension K/k such that K> C k as assumed above. We compute bk for a
particular s. Fix a 2-basis +/a7,..., v@, of K. The monomials ;" --- ya,™ with i; € {0, 1}
are a k-basis for K and we define s to be 1 on 1; and O on the other monomials. One sees
immediately that bk ; is isomorphic to the Pfister bilinear form (a1, ..., a,).

In fact, the s constructed above is the general case. Suppose we are given a unital linear form
s: K — k; we will construct a 2-basis so that s is as in the previous paragraph. Start with A = 0
and repeat the following loop: If k(A) = K, then we are done. Otherwise, [K : k(A)] is at least
2, hence there is some a # 0 in the intersection of the k-subspaces Ker(s) and k(A)*, orthogonal
complementation relative to bk ;. As a is not in k(A), A U {a} is 2-free by [7, §V.13.1, Prop. 3].
We replace A by A U {a} and repeat.

In this way, we have proved: If [K : k] = 2", then bk ; is an anisotropic n-Pfister bilinear form.

Conversely, if we are given an anisotropic symmetric bilinear form {ay,...,a,) over k, then
Vai, ..., \a, is a 2-basis for a purely inseparable extension K/k as in the coarser correspondence

recalled at the beginning of the section.

The preceding considerations can be made more precise by looking at the category of pairs
(K, s), where K/k is a finite purely inseparable field extension of exponent at most 1, s: K — k
is a unital linear form, and morphisms are (automatically injective) k-homomorphisms of field
extensions preserving unital linear forms. The map (K, s) — bk defines a functor from this
category into the category of anisotropic Pfister bilinear forms over k where morphisms are (au-
tomatically injective) isometries of bilinear forms.
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3.3 Proposition. The functor just defined is an equivalence of categories.

Proof. Given two pairs (K, s), (K’, s") of finite purely inseparable field extensions of exponent
at most 1 over k with unital linear forms, we need only show that any isometry ¢: bg s — bg/ ¢
is, in fact, a field homomorphism preserving unital linear forms. We have s'(¢(u)p(v)) = s(uv)
for all u,v € K, hence o(u)*> = s'(p(w)*>) = s(u*) = u® by unitality of s, s’, which implies
o(uv)? = wv)? = u*v? = (p(u)p(v))? and therefore o(uv) = @(u)e(v) since we are in characteristic
2. Thus ¢ is a k-homomorphism of fields preserving unital linear forms in view of s'(p(u)) =
5 (@1 pw) = s(1xu) = s(u). 0

3.4. The passage to Pfister quadratic forms.

Let @ € k be a scalar and s: K — k a unital linear form. We define the quadratic form gk, s
to be the transfer s.({a] ® K), where, as usual, ] stands for the binary quadratic form given on
k @ kj by the matrix ((1) 1), S0

a

€a)(B +v)j) =B+ By +ay

for B,y € k. By the projection formula [16, p. 84], gk.e.s is isomorphic to b ® {@]. More
concretely, on the vector space direct sum K @ K j of two copies of K over k, we can define gg.q ¢
by the formula

qKas(U+vj) = u’ + s(uv) + av? (u,v € K). (1)

3.5 Example. For K and s as in the first paragraph of 3.2 and @,+; € k, the form gk.,,,, s 1S
isomorphic to {ay, . . ., @y, pi1].

3.6 Theorem. Fora € kand s: K — k a unital linear form, qk., s is an (n+ 1)-Pfister quadratic
form over k. Conversely, every anisotropic (n + 1)-Pfister quadratic form over k is isomorphic to
gxk-a.s for some purely inseparable field extension K/k of exponent at most 1 and degree 2", some
a € k and some unital linear form s: K — k.

Proof. Combine 3.2 and Example 3.5. O

The Pfister quadratic forms gk, s of 3.4 need not be anisotropic, nor can isometries between
two of them be described as easily as in the case of Pfister bilinear forms (cf. Prop. 3.3).

3.7 Proposition. Given scalars a, € k and unital linear forms s,t: K — k, the following
conditions are equivalent.

(i) The Pfister quadratic forms qg.q. s and qg.g, are isometric.
(ii) There exist elements ugy, vy € K such that

B= u% + s(ugvg) + av%, t(u) = s(uvy) (u € K). (D)

Proof. We identify K C K & K j canonically through the first summand.

(i) = (ii). If ¢ := gk.0,s and ¢’ := gk, are isometric, Witt’s theorem [16, Thm. 8.3] yields
a bijective k-linear isometry ¢: K@ Kj — K& K jfrom ¢’ to g (so g o ¢ = ¢’) that is the identity
on K. Then there are elements ug, vo € K such that

w(j) = up + vo, 2
14



and there are k-linear maps f,g: K — K such that
e +vj) =W+ fv)+g)j (u,v € K). 3)
Combining (2), (3), we conclude

JfUg) =uo, g(lg) = vo, “)

while evaluating g o ¢ = ¢’ at u + vj € K @ Kj with the aid of (3) and (1) yields
tuv) + Bv? = f0) + s(ug)) + s(S(V)g) + ag(v)?

for all u,v € K. Setting u = 0, v = 1g and observing (4), we obtain the first equation of (1). The
second one now follows by setting v = 1g again but keeping u € K arbitrary.

(i) = (). s(vo) = t(1g) = 1 implies vy € K*, and a straightforward verification using (1)
shows that the map

KoKj— K&Kj, u+vjr (u+upy)+ vov)j,
is a bijective isometry from ¢’ to g. O

3.8 Corollary. Let s: K — k be a unital linear form. Given B € k and a unital linear form
t: K — k, there exists an element « € k such that
qK.Bt = gKia,s-

Proof. By 3.1, some v € K satisfies #(u) = s(uvy) for all u € K. Now Prop. 3.7 applies. ]

3.9. The Artin-Schreier map.

Let s: K — k be a unital linear form. Then
Pks: K—k,  uvr— gk (u):= W+ s(u)

is called the Artin-Schreier map of K/k relative to s. It is obviously additive and becomes the
usual Artin-Schreier map (in characteristic p = 2), simply written as g, for K = k. Given another
unital linear form ¢: K — k, we conclude from 3.1 that there is a unique element vy € K*
satisfying s(vg) = 1 and #(u) = s(uvy) for all u € K. Hence

Ok(u) = Vip vy (ueK)

since the left-hand side is equal to u? + s(uvo) = v3[(uvy')? + s(uvyh].

With K’ := Ker(s), we obtain the orthogonal splitting K = klx L K’ relative to bk s, so the
symmetric bilinear form b,K,s = bg |k xk’ Up to isometry is uniquely determined by bg ; = (1) L
b’K,S. For a € k, ' € K’ we obtain

’

Pxs(@lg +u') = p(a) + b (' u') = p(a) +u. M
3.10 Corollary. Let s: K — k be a unital linear form and a, 3 € k.

(a) gk.qa.s is isotropic if and only if @ € Im(pk ;).
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(b) gk.a,s and qkp s are isometric if and only if @ =  mod Im(pk ).

Proof. (a)If g := qk.q.s is isotropic, (3.4.1) shows u? + s(uv) +av? = 0 for some u, v € K not both
zero, which implies v # 0 and then o = @™ + sv ") e Im(pg ;). Conversely, @ € Im(pk )
implies @ = u? + s(u) for some u € K, forcing g(u + j) = 0 by (3.4.1).

(b) By Prop. 3.7, the two quadratic forms are isometric iff (3.7.1) holds with = s. But this
forces vy = 1k, and (3.7.1) becomes equivalent to @ = 8 mod Im(pk ). O]

3.11 Remark. (a) For a symmetric bilinear form b on a vector space V over k, we adopt the usual
notation from the theory of quadratic forms by writing D(b) := {b(v,v)lv € V} [16, Def. 1.12]
as an additive subgroup of k (recall char(k) = 2). With this notation, and observing (3.9.1),
Cor. 3.10(a) amounts to saying that the quadratic form g, s is isotropic if and only if @ belongs
to Im(p) + D(b}(,s); written in this way, Cor. 3.10(a) agrees with [16, Lemma 9.11].

(b) The definition of the quadratic forms gk, s in 3.4 as well as of the Artin-Schreier map in
3.9 make sense also if K has infinite degree over k, and the isomorphism gk, s = bx s ® {a] as
well as Cor. 3.10(a) continue to hold under these more general circumstances.

We close this section with an observation that will play a useful role in the discussion of types
for composition algebras over 2-Henselian fields, cf. in particular 12.7 below. For the remainder
of this section, we relax the restriction that k have characteristic 2.

3.12 Proposition. Let g be a Pfister quadratic form over a field k of arbitrary characteristic and
suppose q1, q» are Pfister quadratic subforms of ¢ with dim(q;) < dim(q,). Then there are Pfister
bilinear forms by, by over k such that

by®b1®q =q=by®q>.

In particular, if dim(q,) = dim(qy), then b® q, = q = b® g, for some Pfister bilinear form b over
k.

Proof. We may assume that g is anisotropic. Writing g: V — k, g = qly,: Vi = kfori=1,2,
with a vector space V of dimension n over k and subspaces V; C V of dimension n; (0 < n; <
ny < n), we then argue by inductionon r := n—n;. If r = 0, we put b; := b, := (1). Now suppose
r > 0. Since the g; represent 1, there are e; € V; with g(e;) = gi(e;) = 1. Now Witt’s theorem [16,
Thm. 8.3] yields an orthogonal transformation f € O(V, g) with f(e;) = e», and replacing g; by
q1 Of_l|f(v])1 f(Vy) — kif necessary, we may assume e; = e, € Vi N V,. Assuming n, < n, and
taking orthogonal complements relative to dg, we obtain

dimk(Vll N VZJ') = dimy ((Vl + Vz)L) =2" — dimg (V| + V)
= 2" — dimg (V) — dimg(V3) + dimg(Vy N V) > 2" = 2" — 2™
> 2n —omtl >,
Hence we can find a non-zero vector j € V; that also belongs to Vi if ny < n. Setting u :=
—q(j) € k*, we conclude from [16, Lemma 23.1] that q; = {u) ® qi is a subform of g, and
the same holds true for ¢ := {u)) ® g2 unless n; = n, in which case we put ¢} := ¢» = ¢. In

any event, the induction hypothesis yields Pfister bilinear forms b/, b/, over k such that b} is a
subform of b, b, = (1) for n, = nand b} ® ¢} = g = b} ® ¢,. Hence by := b} ® (u),

ey for n, = n,
2T \b @ uy formy <n
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are Pfister bilinear forms that satisfy b; ® g1 = b} ® {u) ®q1 = b} ® ¢} = q = b ® g2, completing
the induction step since b, obviously is a subform of b;. O

4. A non-orthogonal Cayley-Dickson construction

By the embedding property 1.11, the Cayley-Dickson construction may be regarded as a
tool to recover the structure of a composition algebra C having dimension 2", n = 1,2, 3, from
a composition subalgebra B C C of dimension 2"~!: there exists a scalar u € k* with C =
Cay(B, ). In the present section, a similar construction will be developed achieving the same
objective when B is replaced by an inseparable subfield of degree 2"~!; concerning the existence
of such subfields, see 1.13. The construction we are going to present is less general but more
intrinsic than the one recently investigated by Pumpliin [44]. Throughout this section, we work
over a field k of characteristic 2.

4.1. Unital linear forms and conic algebras.

Let K/k be a purely inseparable field extension of exponent at most 1, C a conic alternative
k-algebra containing K as a unital subalgebra and let / € C. Since K has trivial conjugation by
1.6 and C satisfies (2.2.3), the relation

si(w) = nc(u, 1) = tc(ul) (D

holds for all # € K and defines a linear form s;: K — k, which is unital in the sense of 3.1 if
tc(l) = 1. In this case, s; is called the unital linear form on K associated with .

The following proposition paves the way for the non-orthogonal Cayley-Dickson construc-
tion we have in mind.

4.2 Proposition. Let C be a conic alternative algebra over k and K C C a purely inseparable
subfield of exponent at most 1. Suppose | € C satisfies tc(l) = 1, put p = nc(l) € k and write
s := s; for the unital linear form on K associated with l. Then B := K + KI C C is the subalgebra
of C generated by K and I. More precisely, the relations

hu = su)v + uv + (uv)l, (1
u(vl) = s(uv)lc + s(u)v + s(W)u + uv + (uv)l, 2)
WD) = s(viva)lc + s(va + s(v)vy + (1 + v+ 3

(sva)le + sva + vl
hold for all u,v,vy,v, € K.

Proof. The assertion about B will follow once we have established the relations (1)—(3). To do
s0, we first prove

u(vlh) + Whu = s(uv)lc + s(v)u. %)
Since K has trace zero, we combine the definition of s with (2.1.5),(2.2.2) and obtain

u(vl) + Whu = tc(u)vl + tc(vhu — ne(u, vi)l¢

sOWu —nc(v'u,D1c = s(Wu + nc(uv, D1c

s(uv)le + s(W)u,
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giving (4). In order to establish (1), it suffices to show
wx)u = tc(ux)v + tc(x)uv + (uv)x (u,ve K,xeC) 5

since this implies (1) for x = [. The assertion being obvious for u = v = 1, we may assume K # k,
forcing k to be infinite. By Zariski density, we may therefore assume that x is invertible. Then
the Moufang identities (1.1.3) combine with (2.7.5), (2.1.4), the right alternative law (1.1.2) and
(4.1.1) to imply
(vx)u)x = v(xux) = v(tc(xu)x — nc()u™) = tc(ux)vx + ne(x)uv
= 1c(ux)vx + uv)(te(x)x + x2) = (te(ux)v + te(xX)uv + (uv)x)x,

hence (5). Combining (4) and (1), we now obtain (2). Finally, making use of the Moufang
identities again and of (1),(4),(4.1.1), we conclude

iD2D) = Wil + ) (D) + (v)(2D) = (s(vi)le + s(Le)v)(val) + I(viv)l
sVl +vi(a) + te((viv2)Dl = ne(D(viva)*
= swval + vi(nal) + s(viva)l + puvyvs.

Applying (2) to the second summand on the right gives (3). O

4.3. Embedding inseparable field extensions into conic algebras.

We now look at the converse of the situation described in Prop. 4.2. Let K/k be a purely
inseparable field extension of exponent at most 1. Suppose we are given a unital linear form
s : K — k and a scalar u € k. Inspired by the relations (4.2.1)—(4.2.3), we now observe the
obvious fact that the vector space direct sum K @ K j of two copies of K carries a unique unital
non-associative k-algebra structure

C :=Cay(K;u, s)
into which K embeds as a unital subalgebra through the first summand such that the relations
Whu = (s@)v + uv) + (uv)}, (1
uvj) = (s@v)lg + sy + su + uv) + (uv)}, 2)
1)2)) = (sv2)lg + sva + s(2)vi + (1 + pviva) + (sGiva) 1k + sva +viva)j (3)
hold for all u, v, vy, v, € K. Adding (1) to (2), we obtain
uo (vj) =uvj)+ wju = s(uv)lg + s(u. (@)

4.4 Proposition. With the notations and assumptions of 4.3, C = Cay(K; y, s) is a nondegenerate
flexible conic k-algebra with norm, polarized norm, trace, conjugation respectively given by the
formulas

ne(u+vj) = u + s(uv) +,uv2, (1)

nc(uy +vij,uy +vaj) = s(upvy) + s(uavy), )
tc(u+vj) = sv), 3

w+vj) =sWlg+u+vj (€))

Sor all w,ui,uy,v,vi,vo € K. Moreover, nc = qiys (cf. 3.4), and this is an (n + 1)-Pfister
quadratic form if K has finite degree 2" over k.
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Proof. The right-hand side of (1) defines a quadratic form n : C — k whose polarization is given
by the right-hand side of (2). In particular, setting ¢ := dn(1¢, —), we obtain #(u + vj) = s(v) and
then, using (4.3.3),(4.3.4),

(u+ vj)2 =u’+uo )+ (vj)2 =u’+ s(uv)le + s(V)u + v+ a -i—,u)v2 + s(v)vj

= s()(u + vj) + (U + suv) + )1

tu+vj)u+vj)—nu+vjle.

Thus C is indeed a conic k-algebra, and (1)—(4) hold. Since K is a field and s is unital, forcing
bk s to be nondegenerate by 3.1, we conclude from (2) that dn¢ is nondegenerate as well. The
final statement of the proposition follows from comparing (1) with (3.4.1) and applying Thm. 3.6.
It therefore remains to show that C is flexible. We do so by invoking Remark 2.3 and verifying
the first relation of (2.2.1). Letting u, v, w € K be arbitrary and setting x = u+vj, we may assume
y =wory = wj. Leaving the former case to the reader, we apply (1),(3),(4.3.1-3) and compute

ne(xy, x) = nc(0tc(y) = ne(uwj) + 0w, u +vj) = nc(u +vjtc(w))

= nc(s(uw)lk + s(u)w + swWu + uw + s(ow)lg + s(W)w + s(w)v
+ (1 + wyyw + (uw + sOw)l g + sO)w + vw)j,u + vj) + (1 + s(uv) + pv?)s(w)

= uzs(w) + s(u)s(ww) + s(v)s(uw) + s(uvw) + s(v)s(uw) + s(u)s(vw)
+ s(w)s(uv) + s(uww) + s(v)s(ow) + s(v)s(vw) + vzs(w) + vzs(w)
+ yvzs(w) + uzs(w) + s(w)s(uv) + uvzs(w)

=0,

which completes the proof. O

Prop. 4.2 not only serves to illuminate the intuitive background of the non-orthogonal Cayley-
Dickson construction presented in 4.3 and Prop. 4.4. It also allows for the following application.

4.5 Proposition. Let C be a conic alternative algebra over k and K C C a purely inseparable
subfield of exponent at most 1. Suppose | € C satisfies tc(l) = 1, put u := nc(l) € k and write
s := s; for the unital linear form on K associated with I. Then there is a unique homomorphism

¢ Cay(K;u,s) — C

extending the identity of K and satisfying ¢(j) = . Moreover, ¢ is injective, and its image is the
subalgebra of C generated by K and .

Proof. The uniqueness assertion being obvious, define ¢ : Cay(K; i, s) = C by o(u+vj) := u+vl
for u,v € K. Then ¢ is a k-linear map whose image by Prop. 4.2 agrees with the subalgebra of C
generated by K and /. But ¢ is also a homomorphism of algebras, which follows by comparing
(4.3.1)—(4.3.3) with the corresponding relations (4.2.1)—(4.2.3). It remains to show that ¢ is
injective, i.e., that u + v/ = O for u,v € K implies u = v = (. Otherwise, we would have v # 0,
which implies 0 = v™'(u + vI) = v-'u + [ and applying 7 yields a contradiction. O

It is a natural question to ask for conditions that are necessary and sufficient for a non-
orthogonal Cayley-Dickson construction as in 4.3 to be a composition algebra. The answer
is given by the following result.
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4.6 Theorem. Let K/k be a purely inseparable field extension of exponent at most 1, s: K — k
a unital linear form and u € k a scalar. We put C := Cay(K; u, s).

(a) The map fc: K* — k defined by

Se(ur, up, uz, ug) = s(uiuuzug) + Z i) s(ujugu,) + Z s(uiug)s(upug)

for uy,uy,us, uy € K, where the first (resp. second) sum on the right is taken over all cyclic
permutations ijlm (resp. ijl) of 1234 (resp. 123), is an alternating quadri-linear map. Set-
ting K := K/klg, fc induces canonically an alternating quadri-linear map fco: K* — k.
Moreover, the relation

ne(xy) = nc(X)nc(y) + fc(uy, uz, vy, v2) 9]

holds for all x = uy +vij,y =us +voj € Cwithu;,vie K, i=1,2.
(b) The following conditions are equivalent.
(i) C is a composition algebra.

(i) fe =0.
(iii) [K : k] < 4.

Proof. (a) Setting f := fc, which is obviously quadri-linear, it is straightforward to check
that it is alternating as well (hence symmetric since we are in characteristic 2) and satisfies
f(kg,up,usz,us) = 0 forall u; € K, i = 1,2,3. This proves existence off with the desired prop-
erties. It remains to establish (1). Subtracting the first summand on the right from the left, and
expanding the resulting expression in the obvious way, we conclude that it decomposes into the
sum of terms

ne((vj)u)= ne(vj)nc(w),
ne(u(v j))= nc@nc(vj),
nc((v1))(v2 )= nc(vij)nc(vaj),
ne(uyuy, uy(va )= ne(u)ne(uz, va j),
ne(uiuz, (v uz))— ne(ur, vijnc(uz),
nc(ui(vaj), V1 ))(vaj))— ncur, vijnc(vaj,
nc((viuz, V1 ))(vaj))— ncipncua, v2j)s
ne(uyuz, (v ))(v2))) + ne(ui(va)), Vi Huz)— ne(uy, vi nc(uz, va j).

A tedious but routine computation, involving (4.2.1)—(4.2.3) and (4.4.1),(4.4.2) shows that all
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but the very last one of these expressions are equal to zero. Hence (1) follows from

ne(uiuz, V1 /)2 ) + ne(ur(v2 ), (vijuz)
= nc(uluz, (sl g + s(v)va + s()vy + (1 + pvyvo)+
(S(Vl\/z)l[( + S(V])V2 + V]Vz)j)+

ne((sGuva)li + s@u)vy + s(vur + 11va) + va)j, (sa)vy + uavr) + (uav1)j)
= s(uiuz)s(viva) + s(vi)s(uiuava) + s(uiuoviva) + s(uyva)s(uavi)+
s(up)s(uaviva) + s(v2)s(uiuavy) + s(uiuoviva) + s(uz)s(uyviva) + s(uiuaviva)
= s(uuoviva) + s(u1)s(uaviva) + s(uz)s(vivour) + s(v)s(vauruo) + s(v2)s(uiuzvy)+
s(uyuz)s(viva) + s(uavi)s(uiva) + s(viup)s(uava) + s(uyvy)s(uava)

= f(ur, uz,vi,v2) + nc(uy, vi nc(uz, va j).

(b) (i) = (iii) follows from the fact that composition algebras have dimension at most 8 and
that the dimension of C is twice the degree of K/k.

(iii) = (ii) follows from the fact that K has dimension at most 3, so any alternating quadri-
linear linear map on K must be zero.

(i) = (i) follows immediately from (1) since dnc by Prop. 4.4 is nondegenerate. O

Remark. Thm. 4.6(b) can be proved without recourse to any a priori knowledge of composition
algebras. To do so, it suffices to show directly that [K : k] > 4 implies fc # 0, which can be done
quite easily. We omit the details.

5. The Skolem-Noether theorem for inseparable subfields

The non-orthogonal Cayley-Dickson construction introduced in the preceding section will be
applied in two ways. Recalling from [48] that every isomorphism between composition subalge-
bras of a composition algebra C can be extended to an automorphism of C, the aim of our first
application will be to derive an analogous result where the composition subalgebras are replaced
by inseparable subfields. We begin by exploiting more fully our description of Pfister quadratic
forms presented in Section 3 within the framework of composition algebras.

Throughout we continue to work over an arbitrary field k of characteristic 2.

5.1. Comparing non-orthogonal Cayley-Dickson constructions.

Let K/k be a purely inseparable field extension of exponent at most 1 and degree 2"~!, 1 <
n < 3. Suppose we are given scalars u,’ € k and unital linear forms s,s’': K — k. By
Thm. 4.6, C := Cay(K;u,s) and C’ := Cay(K;u’,s") are composition algebras over k; the
notational conventions of 4.3 will remain in force for C and will be extended to C' = K @ K’ in
the obvious manner. By a K-isomorphism from C to C’ we mean an isomorphism that induces
the identity on K; we say C and C’ are K-isomorphic if a K-isomorphism from C to C’ exists.

5.2 Proposition. With the notations and assumptions of 5.1, we have:
(a) C is split if and only if p € Im(pk ).
(b) C and C’ are K-isomorphic if and only if there exist uy, vy € K such that
o= u(z) + s(ugvp) +;1v%, s (u) = s(uvo) (u € K). €))
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Proof. (a) C is split iff nc is isotropic iff u € Im(pk ;) by Cor. 3.10(a) and Prop. 4.4.

(b) If C and C’ are K-isomorphic, their norms are isometric, so by Prop. 3.7, some ug, vy €
K satisfy (1). Conversely, let this be so. Setting [ := up + voj € C and combining (4.4.1)-
—(4.4.3)with (1), we conclude 7c(l) = s(vo) = s'(1x) = 1, nc(]) = uj + s(ugvo) + uvg = p’ and
ne(u,l) = s(uvg) = s'(u) for all u € K, so Prop. 4.5 yields a unique K-isomorphism C’ — C
sending j to [. O

5.3 Remark. While the set-up described in 5.1 above extends to the case of allowing purely
inseparable extensions of exponent 1 and arbitrary degree 2", n > 1, in the obvious manner
(replacing composition algebras by flexible conic ones in the process), our methods of proof be-
come unsustainable in this generality. A typical example is provided by the proof of Prop. 5.2(b),
where a K-isomorphism from C’ to C sending j’ to [ in general does not exist unless n < 3. In-
deed, assuming that every element / € C of trace 1 allows a K-isomorphism

@: Cay(K;nc(l), dnc(-,1)) — C

with ¢(j") = I, one computes the expression ¢((vj )u) — ¢(vj )e(u) = 0 and arrives at the conclu-
sion that the trilinear map defined by

H(uy, up, u3) := s(uiuouz)1gx + Z (S(Miuj)btl + S(Mi)ujbtz) + ujupu3 (D

for uy,uy,u3 € K is zero, the sum on the right being extended over all cyclic permutations ijl of
123. Since H is obviously alternating and satisfies the relations H(1g, up, u3) = H(uy, up, ujup) =
0 for all u;,up,u3 € K, it is easy to check (see the corresponding argument in the proof of
Thm. 4.6) that H vanishes for n < 3 (as it should). But for n > 3, we may choose uy, uy,us € K
to be 2-independent over k [7, V §13.2, Thm. 2], forcing the right-hand side of (1) to be a k-linear
combination of linear independent vectors over k [7, V §13.2, Prop. 1], whence H(u1, up, u3) # 0.

5.4 Proposition. Let K/k be a purely inseparable field extension of exponent at most 1 and
degree 2", 1 < n < 3. Furthermore, let s: K — k be a unital linear form.

(a) If C is a composition algebra of dimension 2" over k containing K as a unital subalgebra,
then there exists a scalar u € k such that C and Cay(K; u, s) are K-isomorphic.
(b) For u,u’ €k, the following conditions are equivalent.
(i) Cay(K;u, s) and Cay(K; ', s) are K-isomorphic.
(i) Cay(K;pu,s) = Cay(K;y', s).
(iii) 4 = ¢ mod Im(py.,).

Proof. (a) Pick any [ € C of trace 1. Then C = K & K, and Prop. 4.5 yields a K-isomorphism
cS Cay(K; ', s”), for some pu’ € k and some unital linear form s’: K — k. Hence there is
a unique vo € K* such that s'(u) = s(uvp) for all u € K. Setting u := vy?u’ + 9k s(uovy"') and
consulting Prop. 5.2(b), we obtain a K-isomorphism Cay(K; ', s') — Cay(K; u, ).

(b) While (i) = (ii) is obvious, (ii) = (iii) follows from Cor. 3.10(b). It remains to show (iii)
= (i). But (iii) implies p’ = p + 9k s(uo) for some uy € K, so (5.2.1) holds with vo = 1k. This
gives (i). O]

Every element of an octonion algebra over a field is contained in a suitable quaternion sub-
algebra [48, Prop. 1.6.4]. However, it doesn’t seem entirely obvious that, if the octonion algebra
is split, the quaternion subalgebra can be chosen to be split as well. But, in fact, it can:
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5.5 Proposition. Let C be a split octonion algebra over an arbitrary field F. Then every element
of C is contained in a split quaternion subalgebra of C.

Proof. Let x € C. We may assume that R := k[x] has dimension 2 over k. There are three cases
[6, §IIL.2.3, Prop. 3].

Case 1: R is the algebra of dual numbers. In particular, it contains zero divisors. Hence so
does every quaternion subalgebra of C containing x, which therefore must be split.

Case 2: R is (quadratic) étale. Since C up to isomorphism is uniquely determined by split-
ness, it may be obtained from R by the Cayley-Dickson process as C = Cay(R; 1, 1), which
implies that x is contained in the split quaternion subalgebra Cay(R, 1) of C.

Case 3. We are left with the most delicate possibility that F = k has characteristic 2 and
K := R is a purely inseparable field extension of k having exponent at most 1. Let ¢ € C be an
idempotent different from 0, 1., which exists since C is split, and write B for the subalgebra of
C generated by K and c. Since c has trace 1, Prop. 4.5 yields a scalar u € k, a unital linear form
s: K — k and an isomorphism from B’ := Cay(K;u, s) onto B. But B’ is a quaternion algebra
by Thm. 4.6 whereas B, containing c, has zero divisors. Hence B is a split quaternion subalgebra
of C containing x. O

And finally, we need a purely technical result.

5.6 Lemma. Let C be an octonion division algebra over k and suppose ¢: K; — K; is an
isomorphism of inseparable quadratic subfields K;, K, C C. Then there exist inseparable sub-
fields Ly, L, C C of degree 4 over k such K; C L; for i = 1,2 and ¢ extends to an isomorphism
Y: Ly — L.

Proof. Given any elements y € C, x; € K; \ kl¢ for i = 1,2, denote by L; the subalgebra of
C generated by K; and y. Since C has no zero divisors, L; is either a composition algebra or
an inseparable field extension, the latter possibility being equivalent to the trace of C vanishing
identically on L;. In any event, the dimension of L; is either 2 or 4. Moreover, L; is spanned
by 1¢, x;,y, X;y as a vector space over k. Summing up, L;/k is therefore an inseparable field
extension of degree 4 if and only if y ¢ K; satisfies the condition 7¢(y) = tc(x;y) = 0. To choose
y appropriately, we now write C for the space of trace zero elements in C and consider the
hyperplane intersection V := C° N x;C% N x,C° C C, which is a subspace of dimension at least
5. Since a group cannot be the union of two proper subgroups, we conclude V ¢ K; U K, and,
accordingly, pick a y € V that neither belongs to K; nor to K;. Then y has trace zero and y = x;z;
for some z; € C°, so Xy = xizzi = nc(x;)z; € kz; has trace zero as well, and by the above, L;/k is
an inseparable field extension of degree 4 containing K;. Moreover, K; = K, implies K12 = K%,
hence
L} =K+ Ky = K3 + K3y* = L3,

so there is an isomorphism ¢ : L} — L, which necessarily extends ¢ since the only k-embedding
K, — L, is the one induced by ¢. O

After these preparations, we can now establish the Skolem-Noether theorem for inseparable
subfields of composition algebras.

5.7 Theorem (Skolem-Noether). Let C be a composition algebra over k. Then every isomor-
phism between inseparable subfields of C can be extended to an automorphism of C.
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Proof. Write dim(C) =2",0 <n <3 andlet¢: K; — K, be an isomorphism of inseparable
subfields K}, K, € C having degree 2" 0 < n < n,over k. We may assume n’ > 0 and first
reduce to the case n’ = n — 1. To do so, suppose the theorem holds for n” = n — 1 and let
n" <n—1. Thenn’ = 1, n = 3, so C is an octonion algebra containing K, K, as inseparable
quadratic subfields. If C is split, there are split quaternion subalgebras B; C C containing K;
for i = 1,2 (Prop. 5.5). But By, B, are isomorphic, hence conjugate under the automorphism
group of C, by the classical Skolem-Noether theorem for composition algebras. Hence up to
conjugation by automorphisms of C, we may assume B; = B, =: B. But then ¢ extends to an
automorphism of B, which in turn extends to an automorphism of C. We are left with the case
that C is a division algebra. By Lemma 5.6, there are inseparable subfields K; € L; € C of
degree 4 (i = 1,2) such that ¢ extends to an isomorphism ¢: L; — L. But i in turn extends
to an automorphism of C, completing the reduction to the case » = n — 1. From now on we
assume n’ = n — 1 and fix a unital linear form s, : K, — k. Then 51 := s 0¢p: K| — kisa
unital linear form as well. For i = 1,2, Prop. 5.4 (a) yields scalars y; € k and K;-isomorphisms
i Cay(K;; i, s;) — C. Now observe that the non-orthogonal Cayley-Dickson construction of
4.3 is functorial in the parameters involved. Hence ¢ determines canonically an isomorphism

W = Cay(p): Cay(Ki;pu, s1) — Cay(Ka;pi, 510 ¢7") = Cay(Kas i, 52).

Putting things together, we thus obtain an isomorphism

w5 oy oyl Cay(Ka; i, 52) — Cay(Ka; o, 2).

Applying Prop. 5.4 (b), we see that there exists a K,-isomorphism

x: Cay(Ka; pia, $7) — Cay(Ka; w1, $2),

giving rise to the automorphism ¢ := ¢y 0y~ oo 1//[1 of C, which extends ¢ since ¥, = y ' =1
onKzandw:go,z,bl‘lzlonKl. O

Remark. Let C be an octonion algebra over k and K € C an inseparable subfield of degree
4. Changing scalars to the algebraic closure, k, of k, K ® k becomes a unital k-subalgebra of
C := C®k containing a 3-dimensional subalgebra N that consists entirely of nilpotent elements.
Hence N C C is a Borel subalgebra in the sense of [40]. The fact that all Borel subalgebras of
C are conjugate under its automorphism group [40, § 2, 1.] corresponds nicely with the Skolem-
Noether theorem.

It is a natural question to ask how our non-orthogonal Cayley-Dickson construction can be
converted into the classical orthogonal one. When dealing within the framework of composition
(and not of arbitrary conic) algebras, here is a simple answer.

5.8. Orthogonalizing the non-orthogonal Cayley-Dickson construction.

Let K/k be a purely inseparable field extension of exponent at most 1 and degree 2", n = 1, 2.
Suppose we are given an intermediate subfield k € K’ C K of degree 2""!, a scalar u € k and
a unital linear form s: K — k. Then s’ := s|g-: K’ — k is a unital linear form on K’ and
B := Cay(K’;u, s") is a composition subalgebra of C := Cay(K; u, s). Moreover, (4.4.2) implies

BL — K/L @K,Lj, (1)
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orthogonal complementation in K (resp. C) being taken relative to bg s (resp. dn¢). From (1) we
conclude

C = Cay(B, —nc(u)) = Cay(B; u?) 2)

for any non-zero element u € K'*.

To be more specific, let C be an octonion algebra over k and K C C an inseparable subfield
of degree 4. Pick a 2-basis a = (aj, ay) of K/k. By Prop. 5.4(a), there exists a scalar u € k with
C = Cay(K; u, s,). On the other hand,

L = Cay(k: pt, 1) = k[t]/(£ + t + 1)
is a quadratic étale k-algebra, and (2) yields
C = Cay(L; a%,a%)

as an ordinary Cayley-Dickson process starting from L.

6. Conic division algebras in characteristic 2

We now turn to a second application of the non-orthogonal Cayley-Dickson construction
which consists in finding new examples of conic division algebras. A few comments on the
historical context seem to be in order.

6.1. Conic division algebras over arbitrary fields.

Among all conic division algebras, it is the composition division algebras that are particu-
larly well understood and particularly easy to construct: by Prop. 1.9, it suffices to ensure that
their norms be anisotropic. Of course, composition division algebras exist only in dimensions
1,2,4, 8, as do all non-associative division algebras over the reals, by the Bott-Kervaire-Milnor
theorem [14, Kap. 10,§ 2]; in particular, the Cayley-Dickson process 1.12 leads to conic algebras

Cay(R;puy, .o fly)y Hp ==, =—1 neZ, n>1)

over the reals whose norms are positive definite (hence anisotropic) but which fail to be division
algebras unless n < 3. Hence it is natural to ask for examples of conic division algebras in
dimensions other than 1, 2, 4, 8, over fields other than the reals.

From the point of view of non-associative algebras, conic division algebras that are not cen-
tral, like purely inseparable field extensions of characteristic 2 and exponent 1 as in 1.6, are not
particularly interesting. Over appropriate fields of characteristic not 2, the first examples of cen-
tral conic division algebras in all dimensions 2", n = 0,1,2... are apparently due to Brown [8,
pp- 421-422]. They all arise from the base field, an iterated Laurent series field in finitely many
variables, by the Cayley-Dickson process; generalizations of these examples will be discussed in
Example 10.7 below. A variant of Brown’s construction, working over fields of rational functions
rather than of iterated Laurent series, has recently been presented by Flaut [18]. Other examples
of central conic division algebras in dimension 16, using a refinement of the Cayley-Dickson
construction, have been exhibited by Becker [3, Satz 16]. Examples of central commutative
conic division algebras in characteristic 2 and all dimensions 2", n > 0, have been constructed
by Albert [2, Thm. 2]. These algebras are closely related to purely inseparable field extensions
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of exponent 1 since their norms bilinearize to zero and hence degenerate when extending scalars
to the algebraic closure.

In view of the preceding results one may ask whether the dimension of a finite-dimensional
conic division algebra is always a power of 2. Though a feeble result along these lines has been
obtained by Petersson [41], the answer to this question doesn’t seem to be known.

In this paper, two classes of conic division algebras in all dimensions 2", n = 0,1,2..., will
be constructed. The examples of the first class, to be discussed in the present section, depend
strongly on the non-orthogonal Cayley-Dickson construction, hence exist only in characteristic 2
but differ from Albert’s by being central and highly non-commutative and by allowing arbitrary
anisotropic Pfister quadratic forms as their norms, which in particular remain nonsingular under
all scalar extensions. The second class of examples will be discussed in 10.7 and 10.15 below.

6.2. Notations and conventions.

For the remainder of this section, we fix a base field k of characteristic 2, a purely inseparable
field extension K/k of exponent at most 1, a scalar u € k and a unital linear form s: K — k to
consider the non-orthogonal Cayley-Dickson construction C := Cay(K;y, s) as in 4.3. We put
[K:k]=2"n=0,1,2,... and explicitly allow the possibility n = oo, i.e., that K has infinite
degree over k. The following proposition paves the way for the application we have in mind.

6.3 Proposition. With the notations and conventions of 6.2, the following assertions hold.

(a) C is locally finite-dimensional.
(b) Forn > 2, every element of C belongs to an octonion subalgebra of C.
(¢) C is central simple for n > 1 and has trivial nucleus for n > 2.

Proof. (a) It suffices to note that finitely many elements x; = u; + v;j € C with u;,v; € K
(1 < i < m) are contained in Cay(K’; u, s|x') (K’ := k(uy,vi,...,Un, vi)), Which is a subalgebra
of C having dimension at most 22"+!,

(b)Let x =u+vje C,u,v e K. Then there is a subfield K’ C K containing u, v and having
degree 4 over k, so C’' := Cay(K’; u, s|g-) € C by Thm. 4.6 is an octonion subalgebra containing
X.

(c) Standard properties of composition algebras allow us to assume n > 2. Combining
Props. 2.5, 4.4 we see that C is simple. Let x € Nuc(C) and apply (b) to pick an octonion
subalgebra C’ C C containing x. Since C’ has trivial nucleus [48, Prop. 1.9.2], we conclude
x € kl¢, so C has trivial nucleus as well; in particular, C is central. O

Referring the reader to our version of the Artin-Schreier map (3.9, Remark 3.11), we can
now state the main result of this section.

6.4 Theorem. With the notations and conventions of 6.2, the following conditions are equivalent.

(1) C is a division algebra.
(i1) nc is anisotropic.
(i) p ¢ Im(pg ).

Proof. The implication (i) = (ii) is 1.5, while (ii) and (iii) are equivalent by Cor. 3.10(a) and
Remark 3.11(b). It remains to prove (i) = (i).
Since C is locally finite-dimensional by Prop. 6.3(a), it suffices to show that there are no zero
divisors, so suppose xi, x, € C satisfy x;x, = 0. By (ii) and (2.4.1), this implies x,x; = 0, and
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from (2.1.5) we conclude 0 = x1x; + x2x1 = tc(x))x + tc(x2)x) — ne(xy, x2)1e. If te(xy) # 0,
this yields x, € k[x], hence x, = 0 since n¢ being anisotropic implies that k[x] is a field. By
symmetry, we may therefore assume 7c(x) = tc(x2) = ne(xy, x2) = 0. Write x; = u; + v;j with
u;,v; € K fori = 1,2. Then s(v;) = 0 by (4.4.3), s(u;v2) = s(upv;) by (4.4.2), and if vi = 0 or
vy = 0, Thm. 4.6(a) yields nc(x))nc(x2) = ne(x1xz) = 0, hence x; = 0 or x, = 0. We are thus
reduced to the case

vi #0# v, s(v) =s(12) =0, s(uv) = s(uavy). (D
Next we use (4.3.1-3) and (1) to expand (u; + vy j)(uz + voj) = 0. A short computation gives

ury + s(uiva)l g + s(uy) vy + uyva + s(ua)vy + upvy + s(va)lg + (1 + wvyva =0,
uivy + upvy + s(viva)lg + vivy, = 0. 2)

Adding these two relations, we obtain
uruy + s(uivo)lg + s(uy) vy + s(uz)vy + pviva =0 3)
and note that (2),(3) are symmetric in the indices 1,2 by (1). We now claim:
(*) The subfield K’ of K/k generated by u, u,, vy, v is spanned by
Lk, uy, Uz, vi, v, U1va, Upvy 4)
as a vector space over k

Suppose for the time being that this claim has been proved. Then the field extension K’/k has
degree at most 7. Being purely inseparable at the same time, it has, in fact, degree at most 4. By
Thm. 4.6(b), C’ := Cay(K’; u, s|x-) C C is therefore a composition subalgebra containing x;, x,
and inheriting its anisotropic norm from C. Thus C’ is a division algebra, and x;x, = 0 implies
x1 = 0or x, =0, as desired.

We are thus reduced to showing (x). Writing V for the linear span of the vectors in (4), it
suffices to show that V C K is a k-subalgebra, i.e., that the product of any two distinct elements
in (4) belongs to V. Since viv, € V by (2), hence uju, € V by (3), this will follow once we have
shown that

VillgVg,  UpllgVp,  UpVpVy (p.q} = 11,2}
all belong to V. By symmetry, we may assume p = 1, g = 2. Multiplying (2) by u,v;, we obtain
U vivy + ugv% + s(vivo)uavy + v%uzvz =0,

forcing v%ugvz = ujupv1v, mod V. But multiplying (3) by v, v, implies ujuyv v, € V, so we have
v%ugvz € V as well. Moreover, multiplying (2) first by u;, then by vy, yields

UjUpvy = u%vz + s(vivo)uy + ujvivy = v%uz + s(viv)vy + V%Vz =0 mod V.
Hence also u;viv, = ufvz + uiupvy + s(vivy)u; € V, which completes the proof. O

6.5 Corollary. For a Pfister quadratic form q over a field of characteristic 2 to be the norm of a
conic division algebra it is necessary and sufficient that q be anisotropic. (I
27



6.6 Example. Let k be the field of rational functions in countably many variables t;, t,, t3, ...
over some base field of characteristic 2, e.g., over F,. Standard arguments show that for each
n > 0 the (n + 1)-Pfister quadratic form {t,,...,t,,t,.] is anisotropic, so we obtain central
flexible conic division algebras over k in all dimensions 2", n = 0, 1,2, .... If the characteristic
of the base fields is different from 2, a completely analogous result has been obtained by Flaut
[18].

Part 11
2-Henselian base fields

7. Pointed quadratic spaces over 2-Henselian fields

In this section, we recast the conceptual foundations for the study of quadratic forms over
Henselian fields in the setting of pointed quadratic spaces. Our subsequent considerations also
fit naturally into the valuation theory of Jordan division rings [42] when specialized to the Jordan
algebras of pointed quadratic spaces over Henselian fields.

7.1. Round quadratic forms.

For the time being, we work over a field k that is completely arbitrary. We recall from [16,
§ 9A, p. 52] that a finite-dimensional quadratic form g over k is said to be round if all its non-
zero values are precisely its similarity factors; in particular, they form a subgroup of k*. The
most important examples of round quadratic forms are Pfister forms and quasi-Pfister forms [16,
Cor. 9.9, Cor. 10.13].

7.2. Pointed quadratic spaces over arbitrary fields.

Adopting the terminology of Weiss [55, Def. 1.1], by a pointed quadratic space over k we
mean a triple Q = (V, g, e) consisting of a finite-dimensional vector space V over k, a quadratic
form gq: V — k and a vector e € V which is a base point for g in the sense that g(e) = 1.
Morphisms of pointed quadratic spaces are isometries preserving base points. Q is said to be
nonsingular (resp. anisotropic, round, Pfister, ...) if g is. Given a conic algebra C over k, we
obtain in Q¢ := (C,n¢, 1¢) a pointed quadratic space and every pointed quadratic space arises
in this manner (Loos [32], see also Rosemeier [45]). Notationally, we do not always distinguish
carefully between C and Q¢. If Q = (V, g, e) is any pointed quadratic space over k, we therefore
find it convenient to put Vo = V as a vector space over k and to call ng := g the norm, 1p := e
the unit element, tg := Ong(lg, —) the trace, 1p: Q — 0, x = x* := tp(x)1o — x the conjugation
of 0. We also put VS ={xe Q|np(x) #0}.

When dealing with quadratic forms representing 1, insisting on pointedness is not so much a
matter of necessity but one of convenience, making the language of non-associative algebras the
natural mode of communication. Just as for composition algebras, Witt’s theorem [16, Thm. 8.3]
implies that pointed quadratic spaces are classified by their norms:

7.3 Proposition. For nonsingular pointed quadratic spaces over k to be isomorphic it is neces-
sary and sufficient that their underlying quadratic forms be isometric. O
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7.4. Enlargements.

Let P be a pointed quadratic space over k and u € k*. Writing Vp & Vpj for the direct sum of
two copies of the vector space Vp over k as in 1.10, and identifying Vp C Vp @ Vpj as a subspace
through the first summand,

Q=(uy®P:=Vo,ng,1g), Vo:=Vp®Vpj, ng:=(uh®np, 1lg:=1p
with
(§u) ® np)u + vj) = np(u) — pnp(v) (u, v € Vp) (1)
is again a pointed quadratic space over k whose trace and conjugation are given by the formulas

1p(u), 2
ur=vj 3)

to(u +vj)
(u+vj)”

for all u,v € Vp. Moreover, if P is round (resp. Pfister), so is Q. Finally, a comparison with the
Cayley-Dickson construction 1.10 shows Qcuayz,) = €u)® Op for any conic k-algebra B and any
u € k*. The following two statements are standard facts about round quadratic forms, translated
into the setting of pointed quadratic spaces; we refer to [16, Prop. 9.8, Lemma 23.1] for details.

7.5 Proposition. Let P be a nonsingular round pointed quadratic space over k.

(a) Foru € k*, the following conditions are equivalent.
(i) «u) ® P is isotropic.
(ii) 4 € np(V).
(iil) (u) ® P is hyperbolic.
(b) Let piy,pp € K. Then {ui ) ® P = {ua) ® P if and only if g = pynp(u) for someu € Vy. [

7.6 Proposition (Embedding property). Let Q be a pointed Pfister quadratic space over k and

P C Q a proper pointed Pfister quadratic subspace. Then the inclusion P — Q extends to an
embedding from {u) ® P to Q, for some u € k*. [

7.7. 2-Henselian fields.

Let F be a field of arbitrary characteristic that is endowed with a normalized discrete valua-
tion 4,80 A: F — Z = Z U {co} is a surjective map satisfying the following conditions, for all
a,BeF.

Ais definite: A(a@) = 0o &= a =0.
Ais sub-additive:  A(a + B) = min{A(@), A(B)}.
A is multiplicative:  A(af) = A(a@) + A(B).
As convenient references for the theory of valuations we mention [15, 17], and particularly
[33] for the discrete case. We write o C F for the valuation ring of F relative to A, p C o for its
valuation ideal and F := o/p for the residue field of F. The natural map from o to F' will always

be indicated by o — @. Throughout the remainder of this paper, we fix a prime element 7 € o.
The quantity

er = A2 1p), (1
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which is either a non-negative integer or co, will play an important role in the sequel. If £ has
characteristic 2, then e > 0 agrees with what is usually called the absolute ramification index of
F.

Due to the quadratic character of the gadgets we are interested in (composition and conic
algebras, pointed quadratic spaces), requiring F to be Henselian (with respect to A) is too strong
a condition. It actually suffices to assume that F be 2-Henselian in the sense of Dress [13] or
[17, §4.2], i.e., that F satisfies the following two equivalent conditions [13, Satz 1].

(i) For any quadratic field extension K/F, there is a unique extension of A to a discrete valua-
tion Ak of K taking values in Q. = Q U {oo}.
(i1) For all ag, a1, @y € 0 with g € p, a; ¢ p, the polynomial

aot? + a1t + @y € Ft]

is reducible.

In this case, the extension Ak of A in (i) is given by

1
Ag(u) = E/l(NK/F(“)) (u € K). 2

From now on, F is assumed to be a fixed 2-Henselian field with respect to a normalized
discrete valuation A. For simplicity, all algebras, quadratic forms etc. over F are assumed to be
finite-dimensional. The characteristic of F is arbitrary.

7.8. Quadpratic forms over 2-Henselian fields.

Let g: V — F be a quadratic form over F and suppose g is anisotropic. Following Springer
[47] (in the case of a complete rather than Henselian valuation),

Ag(x +y)) = min {A(g(x)), A(g(»)} (x,yeV). (1)
For convenience, we give the easy proof of this inequality. It evidently suffices to show
Ag(x, ) = min {A(q(x)), A(g())} (2)

for all x,y € V. Suppose there are x,y € V such that (2) does not hold. Then g(x,y) # 0, and the
polynomial

1
LN S (R PR Ry
q(x,y) q(x,y) q(x,y)
has no zero in F since q is anisotropic, but is reducible by 7.7(ii), a contradiction. (I
Relation (2) may be strengthened to
2A(q(x, ) = A(g(x)) + Aq() (x,yeV), 3)

either by appealing to a general result of Bruhat-Tits [9, Thm. 10.1.15], or by using an ad-hoc
argument from the valuation theory of Jordan rings [42] in disguise: for x,y € V, x # 0, we
obtain

0.y := q(x, y)x = q(x)y = =q(0)T(y),

where 7,.: V — V is the reflection in the hyperplane perpendicular to x. In particular, 7, leaves
q invariant, which implies A(g(Q,y)) = 24(g(x)) + A(g(y)), and since g(x,y)x = O,y + g(x)y, we
obtain (3).
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7.9. Valuation data for pointed quadratic spaces.

For the rest of this section, we fix a pointed quadratic space Q over F which is round and
anisotropic.
(a) The map

1
/lQi VQ — Qm, X /IQ(X) = z/l(nQ(x)), (1)

is a norm of Vj as an F-vector space in the sense of Bruhat-Tits [10, 1.1], that is, the following
relations hold foralla € F, x,y € Vj.

Ag is definite:  Ap(x) = 00 & x =0, (2)
Ap is sub-additive:  Ap(x +y) > min{dgp(x), 1o}, 3)
Ag is scalar-compatible:  Ap(ax) = A(a) + Ap(x), 4)

where (3) is a consequence of (7.8.1). Moreover,

Ap(x") = Ap(x), )
Ano(x,y)) = 1p(x) + Ap(y), (6)
Atg(x)) = Ap(x), (7)

for all x,y € Vg, where (5) follows from conjugation invariance of ng, (6) from (7.8.3), and (7)
from (6) fory = 1.
(b) ng being round, 'y := /lQ(Vé) is an additive subgroup of @Q for which (1) implies

1 1
2CTlgC=Z, egr:=[Tg:7Z]€{l,2}, Tog=—7%7. (8)
2 €Q/1:
We call eg,r the ramification index of Q.
(c) We put
0p :={x€Vp|Ap(x) 20}, ©))
1
Po = {xEVQI/lQ(x)>O}= {erQI/lQ(x)Z a}gﬂg, (10)
which are both full o-lattices in Vg, and
0p =09 \po ={x € Vo | p(x) =0}, (11)

which is just a subset of 0y containing 1. By abuse of language, the elements of 02 are called
units of 0p. An element II € VS such that 1p(IT) > O generates the infinite cyclic group 'y
belongs to pg and is called a prime element of 0y. Writing x + X for the natural map from oy to
0o/po and setting

0 :=(Vong lg), Vg:i=op/po, 1g:=1g.

where ng: 0—F, x— np(X) := ng(x) is the first residue form of ngp, we obtain a pointed

quadratic space over F, called the pointed quadratic residue space of Q, which is round and

anisotropic. Here only roundness of ng demands a proof, so let u € 02. Since ng is round, there

exists a linear bijection f: Vo — Vy with no(f(x)) = ng(u)ng(x) for all x € Vy. Hence f
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stabilizes 0¢ as well as pg and thus canonically induces a similarity transformation Vs — Vj
relative to ngy with multiplier ng(i).
We call

Joyr = dimp(Vg) (12)

the residue degree of Q. For convenience, we collect some of the above properties of Q in the
following proposition, which is really stating the obvious.

7.10 Proposition. Norm, trace and conjugation of the pointed quadratic residue space Q of Q
are given by the formulas

ng(X) = no(x), (1)

15(%) = 1o(x), 2)

¥o=x 3)

for all x € og. Moreover, ng is round and anisotropic. O

Here is the easiest example that is not totally trivial.

7.11 Example. Let Q = (V, g, e) be such that V has basis e, j and g(ue + vj) = u®> — uv? for some
p€o0*andall u,v € F. (This is the case P = (1) of 7.4; g = (u).) If iz is not a square in F, then
0o and po are the o- and p-spans of e, j respectively and the pointed quadratic residue space of Q
is naturally identified with the quadratic extension F( /i) with quadratic form the squaring map
z > 7% and base point 1 € F.

7.12 Lemma. The map

1
ZX{yEVE OS/IQ(y)Sl—a}_’VS, (m,y) — 7"y,

is surjective.

Proof. For x € V5, some n € Z has 1p(x) = EQ% by (7.9.8), and writing n = megr +r, m,r € Z,

0<r<egyr—1,theelementy:=7n"x € Vj satisfies 0 < p(y) < 1 - gQﬁ O

7.13 Proposition. eg/r fo;r = dimgp(Vyp).

Proof. If e/ = 1, then py = mog, and the dimension of V5 = 0o ®, F over F agrees with the
dimension of Vy over F'. We may therefore assume eg;r = 2. Let Il be a prime element of o0y
and f: Vyp — Vjp a norm similarity with multiplier ng(II). Then Ap(f(x)) = % + Ag(x) for all
X € Vé, which implies f(0g) = pg, f(po) = 7oy, and f induces canonically an F-linear bijection
from V5 onto pg/mogy. Combined with the filtration 0p ®, F = 0g/mog D pg/mog O {0} and
the isomorphism (0g/mog)/(po/mog) = V4 as vector spaces over F, this implies dimg(Vy) =
2dimgz(Vp), as desired. O

Remark. Prop. 7.13 becomes false if Q is not assumed to be round, for example if ep,r = 2 and
dimp(Vp) is odd, see [42, Satz 6.3] for generalization.
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7.14. Connecting with conic algebras.

Let C be a finite-dimensional conic algebra over F and suppose its norm is round and
anisotropic; for example, C could itself be a composition algebra, or it could arise from a com-
position algebra by means of the Cayley-Dickson process. Applying as we may the preceding
considerations to Qc, the pointed quadratic space associated with C via 7.2, we systematically
adhere to the following convention: all notation and terminology developed up to now and later
on for pointed quadratic spaces will be applied without further comment to C in place of Qc,
modifying subscripts accordingly whenever possible. For example,

1
Ac: C — Qu, x+ Ac(x) = z/l(nc(x)), Q)

is a norm of C as an F-vector space, ec/r := eqg.r is the ramification index, fc/r := fo./r 18
the residue degree and C := Qc is the pointed quadratic residue space of C. But note that C in
general is not a conic algebra over F in a natural way unless C is a composition algebra; see 7.15
and Section 10 below for further discussion.

7.15. Tame and wild pointed quadratic spaces.

If 15 is non-zero, then Q is said to be tame. Otherwise, i.e., if tp = 0, then Q is said to be wild.
For Q to be wild it is clearly necessary that F' have characteristic 2. Applying [43, Prop. 1], and
bearing in mind the conventions of 7.14, a composition division algebra C over F is tame (resp.
wild) iff C is a composition algebra (resp. a purely inseparable field extension of exponent at
most 1) over F. Extending the terminology of [43] to the present more general set-up, we call O
unramified (resp. ramified) if Q is tame with eg/r = 1 (resp. eg,r = 2). For Q to be unramified
it is necessary and sufficient that the quadratic form ny have good reduction with respect to A in
the sense of Knebusch [28, 29]. This will follow from Prop. 8.2(c) below.

The preceding definitions seem to assign a distinguished role to the base point of a pointed
quadratic space. But this is not so as will be seen in Prop. 8.2 below.

8. Trace and norm exponent

This section serves a double purpose. Starting with a fixed nonsingular, round and anisotropic
pointed quadratic space Q over a 2-Henselian field F, we define wildness-detecting invariants of
Q. Moreover, we present a device measuring how far a scalar in 0™ is removed from being the
norm of an appropriate element in V.

8.1. Trace ideal and trace exponent.

Since 0y C Vj is a full o-lattice, its image under the trace of Q by nonsingularity is a non-
zero ideal in o, called the frace ideal of Q. But o is a discrete valuation ring, so there is a unique
integer texp(Q) > 0 such that

to(0g) = p=™@. (1)
We call texp(Q) the trace exponent of Q and have
texp(Q) = min {A(to(x)) | x € 0p}. )

The image of 0y ®, 0o under the linear map x ® y — ng(x,y) is an ideal in o denoted by
Ong(0g ®, 0p). The following result relates the ideals just defined to one another but also to wild
and tame pointed quadratic spaces.
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8.2 Proposition. (a) Q is wild if and only if texp(Q) > 0.

(b) If P € Q is pointed quadratic subspace that is round and nonsingular, then texp(P) >
texp(Q).

(c) IQ(OQ) = 6nQ(oQ R UQ).

(d) Q is tame if and only if Q is nonsingular.

Proof. (a) and (b) are obvious. Before proving (¢),(d), we let x € Q™ and, by using a Jordan
isotopy argument in disguise, pass to Q% := (Vg, ng(x)"'ng, x), which is a nonsingular quadratic
space over F. Since ng is round, the norms of Q and QF are isometric, forcing Q and Q* to be
isomorphic as pointed quadratic spaces by Prop. 7.3. This implies

t0(00) = to:(0g+) = {no(x,no(x)'y) [y € Vo, 0(y) = Ao(x)} (1)
= {no(x,y) |y € Vg, Ap(y) =2 —2p(x)}.

(c) The left-hand side is clearly contained in the right, so it suffices to show no(x,y) € (o) for
all x,y € 0g, x # 0. But this follows from (1) and Ap(x) > 0.

(d) nonsingularity of Q is clearly sufficient for Q to be tame. Conversely, suppose Q is
tame and let x € oé. Then (1) produces an element y € 0y with np(x,y) = 1 € tp(0p), hence
nQ()"c, y) # 0. O]

8.3. Trace generators.

An element wy € 0y where the minimum in (8.1.2) is attained, i.e., with A(to(wy)) = texp(Q)
is called a trace generator of Q. If even to(wg) = m'*PQ we speak of a normalized trace
generator, dependence on 7 being understood. Trace generators always exist (as do normalized
ones) and their traces generate the trace ideal of C. Moreover, they satisfy the inequalities

1
0<dgwp) <1 — —. (1)
€Q/F

Indeed, assuming Ap(wg) > 1 — eQﬁ implies

1
Ao(r'wo) = Ap(wp) = 1 > ———,
€g/F
and since Aop(n~'wg) belongs to eQﬁZ, we conclude 77'wy is in 0g. But now to(n~'wp) =
aexp@-1 ¢ yexp(Q) Jeads to a contradiction.

8.4. Tignol’s invariant w(C).

Another invariant that fits into the present set-up is due to Tignol [52, pp. 9,17] for separable
field extensions and central associative division algebras of degree p over Henselian fields (not
necessarily discrete) having residual characteristic p > 0. As a straightforward adaptation of
Tignol’s definition to the situation we are interested in, we define

w(Q) := min{A(tg(x)) — Ao(x) | x € Vi) D

thanks to (7.9.7), it is a non-negative rational number. Moreover, it is closely related to the trace
exponent, as the following proposition shows.
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8.5 Proposition. (a) w(Q) = texp(Q) or w(Q) = texp(Q) — %
(b) There exists a trace generator wy of Q with

w(Q) = texp(Q) — Ag(wo). (D

(©) Ifegir =1, then w(Q) = texp(Q).
Proof. Since the map

1
@: VE — Ty = %Z, x > @(x) 1= Atg(x)) — Ag(x),

is homogeneous of degree zero, so ¢(ax) = ¢(x) for all @ € F*, x € Vé, Lemma 7.12 implies
w(Q) = min {p(x) | x € S}, where

1
S:={x€V5|OS/lQ(x)S1——}.

€o/F
Accordingly, let wy € S satisfy
@(wo) = w(Q). 2
Given any trace generator w;, of Q, the chain of inequalities
0 < 2p(wp) = A1g(wy)) — @(wp) < texp(Q) — w(Q) < Atg(wo)) — ¢(wo) 3)
1
=Adgwp) <1 - —
€Q/F

implies (a) and (c), while in (b) we may assume eg/r = 2 since otherwise (1) holds for wy, i.e.,
for any trace generator of Q. Since all quantities in (3) belong to %Z, we either have dg(wp) =

texp(Q) — w(Q) or

1
texp(Q) — w(Q) = Atp(wo)) — p(wo) = Ap(wp) = >
In the latter case, (2) shows that wy is a trace generator of Q, and the proof of (b) is complete. [

8.6. Regular trace generators.

Trace generators of Q satisfying (8.5.1) are called regular. If Q has ramification index 1,
then every trace generator by (8.3.1) and Prop. 8.5(c) is regular but, in general, this need not be
so, cf. Cor. 11.7 and Thm. 12.3 below.

8.7 Example. If F has characteristic not 2, it is a composition division algebra over itself, with
norm and trace given by np(a@) = @2, tp(a) = 2a for all @ € F. Hence (7.7.1), (8.1.1) and (8.4.1)

imply
texp(F) = w(F) = ep, @))

and wy = % € 0* is the unique normalized trace generator of F; it is obviously regular. From

(1) and Props. 8.2(c), 8.5 we now conclude

0 < w(Q) < texp(Q) < e, 2)

which for trivial reasons also holds in characteristic 2.
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8.8. The norm exponent.

We wish to measure how far a given unit in the valuation ring of F is removed from being
the norm of an element in Vy or, equivalently, in 03. To this end, we observe that, given a € 0*
and an integer d > 0, the following conditions are equivalent.

(i) ais anorm of 03 mod pd, i.e., there exists an element v € 03 with
d
a—ng(v) € p°.
(i) There exist elements 8 € 0, v € 02 with
d
a={0-7Bng).

Thus the set Ny (a) of non-negative integers d satisfying (i)/(ii) above contains 0, and d € Np(«)
implies d’ € Ng(a) for all integers d’, 0 < d’ < d. We therefore put

nepr(a) :=sup Nop(a) (D)

and call this the norm exponent of « relative to Q; it is either a non-negative integer or co.
Roughly speaking, the bigger the norm exponent becomes, the closer @ gets to being a norm
of Q. More precisely, 27 "D s the (minimum) distance of « from the subset nQ(UE) C F*
relative to the metric induced by the absolute value & v~ |&] 1= 271,

A number of useful elementary properties of the norm exponent are collected in the following
proposition, whose straightforward proof is left to the reader.

8.9 Proposition. With the notations and assumptions of 8.8, let a,a’ € 0*.

(a) Ifa e nQ(o’é), then nexpy(a@) = .

(b) If d = nexpy(a) is finite, then a can be written in the form
a=(-mBnov), Beo, ve 05

and every such representation of « satisfies B € 0*.

(c) nexpy(a) = 0 if and only if @ ¢ nQ(VE).

(d) @ =a mod nQ(Vé) implies nexpy(a@) = nexpy(a’).

(e) nexpp(a) < nexpy(«) for any round nonsingular pointed quadratic subspace P C Q. O
By Prop. 8.9(a), the elements of ”Q(OZ) have infinite norm exponent. While the converse is

also true, we can do better than that by showing that the norm exponents of elements in 0* \nQ(oé)
are uniformly bounded from above. Indeed, we have the following result.

8.10 Local Norm Theorem. Let « € 0* \nQ(oé) = 0% \nQ(Vé). Then

nexpy(@) < 2w(Q).

More precisely, letting wy € 0 be a normalized regular trace generator of Q, every 5 € 0 admits
ay € owith
1 =2 OHB = py(1g + 7P Qywy). (1)
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Proof. Arguing indirectly, and using roundness of ng, the first part of the theorem follows from
the second. To establish the second part, we apply Prop. 8.5(a),(b) and obtain

0 <d = Ang(wy)) = 20(wp) = 2(texp(Q) — w(Q)) < 1.
Since F is 2-Henselian, the polynomial
g:= 711_‘7an(w0)t2 +t+ B eo[t] C F[t]

by 7.7(ii) is reducible, and the two roots 6,6’ € F of 7rd’1n(~)(wo)’1 g satisfy the relation 66" =
nd’an(wo)’lﬁ € p’l. Thus we may assume 6 € o and have 711"’11Q(w0)52 + 0+ = 0. Setting
Y= 71=45 € o, we therefore obtain
nQ(l + ﬂ_texp(Q),ywo) =1+ n,texp(Q)Jrl—détQ(WO) + 7T2 [exp(Q)ﬂ_Z(l—d)(SZnQ(Wo)
=1+ ﬂ2texp(Q)—d+l(6 + ﬂ]_an(Wo)(Sz)
—1— ﬂzm(Q)Hﬂ ]

For a version of this result addressed to central associative division algebras of degree p =
char(F) > 0, see Kato [24, Prop. 2 (iii)].

8.11 Corollary. Let u,u’ € 0. Then
u=p mod ng(Q*) & dxe 02 : p = @'ng(x) mod p2e@+ g

8.12. The connection with the quadratic defect.

We assume char(F) # 2 and return to the composition division algebra C = F of 8.7. Com-
paring 8.8 with [36, §63A], we see that p“eXpF(") is the quadratic defect of @ € 0*. Moreover,
texp(F) = w(F) = ep, and wy := % € 0> is the unique normalized regular trace generator of
F. In particular, ”%,F € 0%, and the change of variables 8 = —ﬂz‘tF,B’, y = ﬂf—FFy’ converts (8.10.1)
into the relation

1+4n8 = (1 +21y)%

Hence the local norm theorem becomes the local square theorem of [36, 63:1] or [31, VI.2.19]
in the special case Q = Q. See also [11, Prop. 4.1.2] for an extension of this result to residual
characteristics other than 2.

The local norm theorem has numerous applications. One of these can already be given in this
section; a useful technical lemma prepares the way.

8.13 Lemma. Suppose Q is wild and has ramification index eg;r = 1. Ford € Z, 0 < d <
2 texp(Q) = 2w(Q) and B € 0%, the following conditions are equivalent.

() 1-nBe nQ(oé).

(i) 1 — 7B € 0* and there are elements m € 7, w € 02 with

d=2m, fB=-now)+a"to(w). (1)
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Proof. (1) = (ii). There exists an element v € oz with 1 — 798 = no(v) € 0. For d = 0 we put
w=1p—-veogandobtain 1 -8 =np(lg —w) = 1 —to(w) + ng(w), hence B = —np(w) + to(w).
But 79(w) € p'*P@ C p since Q is wild, forcing w € 0% Thus (ii) holds with m = 0. We may
therefore assume d > 0. Then 1 = ng(v) = np(¥), forcing ¥ = 1 since ng is anisotropic and
np(lg —v) = 0 by wildness of Q. Combining with eg;r = 1, we find an integer m > 0 and a
unit w € 02 with v = 1y — 7n”w. Expanding the right-hand side of 1 — nig = no(lg — n"w), we
conclude

7B =~ no(w) + t"ty(w), )
which in turn yields the estimate
2 texp(Q) > d = A(n'B) = A(— 1" ngy(w) + T"tp(w)) > min {2m, m + texp(Q)}.
This implies
m < texp(Q), d >2m, 3)
and (2) attains the form
B = - o) (1 —7y), v :=a"ngw) ' to(w) € pP@-m, 4)

If m < texp(Q), then (1) follows from (2),(4). On the other hand, if m = texp(Q), then (3) implies
d = 2texp(Q) = 2m, and (1) follows from (2).

(i1) = (i). Setting v := 1y — 7™w € 0y and applying (1), we conclude np(v) = 1 - niB e o,
hence v € 02, and (i) holds. O

Remark. For d > 0, the condition 1 — 798 € 0 in (ii) is of course automatic.

8.14 Proposition. Let P be a pointed quadratic space over F that is nonsingular, round and
anisotropic with ep/p = 1, and let d be an odd integer with 0 < d < 2 texp(P).

(@) IfBe€o, thenu:=1—-nB € o* and
d = nexpp(u) & B € 0*.
(b) IfBi € 0 and p; := 1 — n°B; fori = 1,2, then
(uY®P=(m)®P =B =p,.

Proof. (a) d = nexpp(u) implies B € 0* by Prop. 8.9(b). Conversely, suppose 8 € 0*. Then
u ¢ np(Vy) by Lemma 8.13. Thus the local norm theorem 8.10 implies d < d’ := nexpp(u) <
2 texp(P), and from Prop. 8.9(b) we obtain a representation u = u’'np(v'), i’ = 1 — 2% 8 for some
B’ € 0%,V € o%. Assuming d < d’ would imply that ' = 1 —ny, y := B+n? = —n? BB’ € 0*,
does not belong to np(V}), again by Lemma 8.13, in contradiction to uy’ = np(u'v’).

(b) Arguing indirectly, let us assume 8, # B. Then uu, = 1 — 7B, where 8 = 81 + 8, —
7B, € o satisfies B = B — B2 # 0, hence B € 0*. By (a), the norm exponent of y;4, relative
to P is d, forcing piu, ¢ np(V;) (this also follows from Lemma 8.13). Hence (u;) ® P and
{u2) ® P are not isomorphic by Prop. 7.5(b). ]

We will see in Example 9.11(b) below that the converse of Prop. 8.14(b) does not hold.
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8.15 Lemma. Let 8 € 0, w € 0g and suppose d, m are non-negative integers. Determine o € o
by to(w) = P Qq. Then

(1 =72B)np(lg — 1"w) = 1 — 1B + 1" ny(w) — n POy 4

7Tl€xp(Q)+d+maﬁ _ 7Td+2mﬁnQ(W).

Proof. Expand the left-hand side in the obvious way. [

9. Valuation data under enlargements

In this section we will be concerned with the question of what happens to the valuation data
ramification index (7.9(b)), pointed quadratic residue space (7.9(c)) and trace exponent (8.1)
when passing from a pointed quadratic space P to {u) ® P, u € F*. We will answer this question
not in full generality but only under the additional hypothesis that P have ramification index
1. This hypothesis derives its justification from the fact that, if F has characteristic zero, every
anisotropic pointed (n + 1)-Pfister quadratic space over F' contains a pointed n-Pfister quadratic
subspace of ramification index 1. We will prove this in Prop. 17.2 and Thm. 19.2(i) below by
using methods from algebraic K-theory. It would be interesting to know whether the result in
question also holds for F having characteristic 2.

9.1. The general set-up.

(a) We fix a 2-Henselian field F and a pointed quadratic space P over F which is nonsingular,
round and anisotropic. We also assume throughout that P has ramification index ep;r = 1, which
implies

w(P) = texp(P) e))
by Prop. 8.5(c) and
Tp = Ap(P) = Z, Anp(P)) = 2Z )

by 7.9(b) and (7.9.1).

(b) We are interested in pointed quadratic spaces Q = u) ® P, u € F*, as in 7.4; in
particular, we recall Vo = Vp+Vpj as vector spaces over F'. By Prop. 7.5(b), we may and always
will assume A(u) € {0, 1}, so u is either a unit or a prime element in o.

There are two harmless cases which we treat first. One of them arises when u is a prime, the
other when y is a unit and P is tame.

9.2 Proposition. If y is a prime element in o, then Q = {u) ® P is a nonsingular, round and
anisotropic pointed quadratic space over F with

1
Ao(u +vj) = min {Ap(u), Ap(v) + 5} (u,v € Vp), (D)
09 =0p@0pj, Po=Ppr®opj, @)
egir =2, Q=P, texp(Q) = texp(P). 3)

Proof. From (9.1.2) we conclude u ¢ np(P*). Thus Q is not only round and nonsingular but

also anisotropic, so Ay satisfying (7.9.1)—(7.9.4) exists. Since Ap(vj) = Ap(v) + % # Ap(u) for

all u,v € V3, by (7.4.1),(7.9.1) and again by (9.1.2), we obtain (1), hence (2) and the first two

relations of (3), while the last one is immediately implied by (7.4.2). O
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9.3 Proposition. If P as in 9.1(a) is tame and u € 0%, then Q = {u) ® P is a nonsingular and
round pointed quadratic space over F. Moreover the following conditions are equivalent.

(1) Q is anisotropic.

(ii) 1 & np(V).
(iii) ¢ np(V}j).

In this case,

Ao +vj) = min {Ap(u), Ap(v)} (u,v € P), (1
09 =0p®0pj, Po=ppOPpr) 2)

and Q is tame of ramification index eg;r = 1 with O=(a)®P.

Proof. While the first statement is obvious, the equivalence of (i), (ii), and (iii) follows from
Prop. 7.5(a) and Cor. 8.11 since w(P) = texp(P) = 0 by (9.1.1) and tameness of P. If (i),(i1),(iii)
hold, then A exists and it suffices to show that (1) holds. Since Ao (vj) = Ap(v) by (7.4.1),(7.9.1),
we certainly have Ap(u + vj) > min {Ap(u), Ap(v)}. To prove equality, Lemma 7.12 allows us to
assume Ap(u) = Ap(v) = 0. Here Ag(u + vj) > 0 would imply np(it) = jinp(v), hence i € np(P*)
since np is round, and we obtain a contradiction to (iii). O

The remaining cases where P is wild and u € o is a unit are much more troublesome.

9.4. Some easy reductions.

For the rest of this section, we assume that P as given in 9.1(a) is wild, so w(P) = texp(P) > 0
by Prop. 8.2(a). We are interested in the pointed quadratic spaces {u) ® P, u € 0%, only when
they are anisotropic. By Prop. 7.5(a) and the local norm theorem 8.10, this is equivalent to u
having norm exponent < 2 texp(P), so by Prop. 8.9(b) it will be enough to consider units in o
having the form u = (1 — 1¢B)np(v), where d € Z satisfies 0 < d < 2texp(P), 8 € 0* and v € 0}
Here Prop. 7.5(b) allows us to assume v = 1p. We are thus reduced to working with scalars u
that may be written as

u=1-n8, deZ, 0<d<2texp(P), Beo* (D)

Setting
d —m . .
0<m:= 3 <texp(P), 04 :=n"(1p+ j)€ Vg = Vp+ Vpj, 2)

we define, inspired by the Cayley-Dickson construction of conic algebras (cf. (1.10.1)),
VvOy :=n1"(v+vj) (veVp), VpO,:={vO,|ve Vp} 3)

and obtain after a straightforward computation, involving (7.4.1),(7.4.2),

Vo = Vp® V0, “)
no(u +v0y) = np(u) + 1 "np(u, v) + 17" Bnp(v), (5)
to(u +v0y) = tp(u) + 1" tp(v) (6)

forall v e Vp.
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9.5. Pointed quadratic residue spaces and inseparable extensions.

(cf. [16, Remark 10.4]) For P as in 9.1,9.4, we claim that Vp carries a unique structure of
a purely inseparable extension field over F having exponent at most 1 such that np(u’) = u'>
for all W' € Vp. To see this, it suffices to note that np is round and anisotropic with dnp = 0,
making np(Vp) a subfield of F, so an F-bilinear multiplication Vp X Vs — Vp, ',V') — 'V,
gives a purely inseparable extension field structure as indicated iff np(u'v') = np(u’)np(v") for all
u’',v' € Vp. The purely inseparable extension field thus constructed will again be denoted by Vjp
if there is no danger of confusion.

9.6 Proposition. Let d be an odd integer with 0 < d < 2texp(P) and 3 € 0*. Then
wi=1-n'Beo*

and Q := (u) ® P is a nonsingular, round and anisotropic pointed quadratic space over F.
Moreover, Q is wild and

M:=0,=n"2(z+j) eV (1)
is a prime element of 0 with
no(l) = 78, 1o(I) = 27~7, Vo = Vp@ Vpll, )
Ao(u + VIT) = min {Ap(u), Ap(v) + %} (u,v € Vp), 3)
0g =o0p®0pll, po =pp® opll, 4
cor=2 0=P, (@)= texp(P) - 1. )

Proof. By Prop. 8.14(a), nexpp(u) = d is finite, forcing Q to be anisotropic. Applying (9.4.4)-
—(9.4.6), we obtain (2); in particular, Ap(IT) = %, so IT is a prime element of 0y and the first
formula of (5) holds. We proceed to establish (3). If u,v € V, then Ap(u) = Ap(u) is an integer
by (9.1.2), while Ap(VIT) = Ap(v) + % is not. This not only proves (3) but also (4) and the second
formula of (5). The last one follows from the fact that (9.4.6) establishes p'xP(P) 4 pexp(P)=5 —
p'xP(P)=F" ag the trace ideal of Q. O
9.7 Proposition. Let d be an even integer with 0 < d < 2 texp(P) and suppose 3 € o satisfies the
condition ¢ VI% (cf. 9.5). Then

p=1-n8e o (D
and Q = {u)» ® P is a nonsingular, round and anisotropic pointed quadratic space over F.
Moreover, Q is wild and
E=0@,=1(p+))eV, )
is a unit of 0 with
no(E) =B, to(E) =211, Vp=Vp®VpE, 3)
Ao(u + vE) = min{Ap(u), Ap(v)} (u,v € Vp), 4
0gp = 0p @ opZE, Po =pp®PppE, o)
_ - - d
egir =1, OQ=(BH®P, texp(Q) = texp(P)— 5 (6)
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Proof. The assertion u € o* is trivial for d > 0 but holds also for d = 0 since in this case
B¢ V%) implies it = 1z -5 ¢ V]% by wildness of P. Next we show that Q is anisotropic.
Otherwise, p € np(Vp) by Prop. 7.5(a), and Lemma 8.13 yields an element w € o} with § =
—np(w)+n "tp(w), m = 4, where the second summand belongs to p'*P")=" C p by the hypothesis
on d. Thus B = np(Ww) = w?, a contradiction, and we have proved that Q is indeed anisotropic.
Consulting (9.4.4-6) for u = 0, v = 1p, we end up with (3). Turning to (4), it suffices to show,
by Lemma 7.12, that u, v € 0% implies u + vZ € ag. Otherwise, observing (9.4.5),

1
Ao(u +VvE) = z/l(np(u) + 7 "np(u, v) + Bnp(v))

were strictly positive, and since 77" np(u,v) € p by Prop. 8.2(c), we would again arrive at the
contradiction 3 € V}%. Thus (4) holds, which directly implies (5), while (6) follows from (5) and
(9.4.5,6). O

In 9.4, particularly (9.4.1), we are left with the case d = 2 texp(P), which turns out to be the
most delicate. In order to get started, we require the following elementary but crucial observa-
tions.

9.8. Setting the stage for the case d = 2 texp(P).

(a) Let K/k be a purely inseparable field extension of characteristic 2, exponent at most 1
and finite degree. Consider a scalar @ € k and a unital linear form s: K — k. We denote by by
QOk:a.s the pointed quadratic space over k with norm the Pfister quadratic form gg., s of 3.4 and
with base point 1x € K € K @ Kj. Recall from Prop. 4.4 that Qk., s = Qcay(k:a.s) 1S the pointed
quadratic space corresponding to the flexible conic algebra Cay(K; e, s) that arises form K, a, s
by means of the non-orthogonal Cayley-Dickson construction.

(b) Put m := texp(P) and let wy be a normalized trace generator of P. Then wy € of, by
(8.3.1) and the map s,,,: Vp — F, u — 77"np(u, wp) is a unital linear form with s,,,(0p) C o,
Sw,(pp) € p by Prop. 8.2(c) and since pp = pop. Thus we obtain an induced unital linear form

EW(): Vf’ — F& iur— EW()(IZ) = ﬂ_mnP(ua W0)9 (l)

and given any o’ € F, the notational conventions of (a) apply when Vp/F is viewed via 9.5 as a
purely inseparable field extension of exponent at most 1.

9.9 Theorem. With the notations of 9.8, let

Beo, pi=1-nPpeo’, By :=npw)Beo, Q:=(u)ePr (1)
Then the following conditions are equivalent.

(i) Q is anisotropic and unramified.
(i1) Q is anisotropic and tame.
(iii) Q is anisotropic.
(iv) nexpp(u) = 2 texp(P).
Moreover, if P is a pointed Pfister quadratic space, then these conditions are also equivalent to

(v) Bo & Im(pv, 5, )-
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Proof. In this section, we will not be able to give the proof in full but must restrict ourselves to
showing the equivalence of (i)—(iv), relegating the rest to the next section. Since the implications
(i) = (ii) = (iii) are obvious, it suffices to show (iv) & (iii) = (i).

(iv) & (iii). From 8.8 we deduce nexpp(u) > 2texp(P). Hence (iv) holds iff nexpp(u) <
2 texp(P) iff Q is anisotropic by the local norm theorem 8.10 and Prop. 8.9(a).

(iii)) = (1). Setting d := 2 texp(P), we apply (9.4.5,6) for u = 0, v = wy and obtain Z :=
wo®y € 05 and 7p(Zo) = 1. Thus Q is tame, and since P is wild, we conclude that P is a proper
pointed quadratic subspace of Q. Hence eg,r = 1, forcing Q to be unramified. O

Given 3 € 0, d € Z with 0 < d < 2texp(P), it follows from 8.8 that i := 1 — 798 has norm
exponent at least d, and if d is odd, Prop. 8.14(a) yields a characterization in terms of 8 when
equality holds. While a similar characterization for d = 2 texp(P) is presented in Thm. 9.9(v)
(though as yet unproved), we are now able to provide one for d even, d < 2 texp(P).

9.10 Corollary. Let d be an even integer such that 0 < d < 2 texp(P).

(a) WithB € o and u := 1 — 1B, the following conditions are equivalent.
(1) p € 0 and nexpp(u) = d.
(i) B¢ V3.

(b) Ifd > 0, Bi € 0 and p; := 1 — n°B; € 0* fori = 1,2, then

(u)Y®P=(u)®P = B =B, mod Vj.

Proof. (a) (i) = (ii). We have 8 € 0* by Prop. 8.9(b). For d = 0 the assertion follows from
Prop. 8.9(c). Now suppose d # 0. Arguing indirectly, we assume that there exists an element
w € 0% with 8 = w? = np(w). Then np(w) = B + nB’ for some § € o, and Lemma 8.15 with

m = § yields

U= 1- ﬂdﬂ — (1 _ﬂd+l’BN)nP(v//)—l

where, setting r := texp(P),
ﬂ” — _ﬁ’ +ﬂ'r_m_lﬂ'—7Tr+m_laﬂ+ﬂ2m_lﬁl’lp(W) €o, V= 1P — 7" e 0;

since 0 < m < r. Now roundness of P and the definition of the norm exponent imply nexpp(u) >
d + 1, a contradiction.

(ii) = (i). By (9.7.1) we have y € 0™ and Q is anisotropic by Prop. 9.7, forcing u ¢ np(V})
(Prop. 7.5(a)) and d < d’ := nexpp(u) < 2texp(P) (Thm. 8.10). Furthermore, by Prop. 8.9(b),
w=wnp(v), )/ =1-na%p for some B € 0%,V € o}. In particular, ’ € 0¥ and Q = Q' :=
{u'» ® P. This implies eg/r = eg/r = 1 by (9.7.6), so d’ < 2texp(P) (Thm. 9.9) is even
(Prop. 9.6), and we are allowed to apply Prop. 9.7 to Q' by the implication (i) = (ii) already
established. Thus (9.7.6) yields d = d’.

(b) We put Q; = iy ®@ Pfori = 1,2. If VI% contains ﬁ_l but not ﬁ_z, then up, up have
different norm exponents by (a), so Q1, Q» cannot be isomorphic (Props. 8.9(d), 7.5(b)). We
may therefore assume 31,3, ¢ VI%. As in the proof of Cor. 8.14 we have y := wu» = 1 - 29,

B =1+ B> —nB1B; € 0. Assuming B = B, — B, ¢ VI% would force {u) ® P to be anisotropic by
Prop. 9.7, hence 1, u, to fall into distinct norm classes relative to P. But then Q;, Q> would not
be isomorphic, a contradiction. O
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9.11 Examples. (a) Let m be an integer with 0 < m < texp(P) and suppose we are given an
element y € 0* such that ¥ € V]%. If u :== 1 — 7”™y is a unit in o (automatic unless m = 0),
Cor. 9.10(a) implies nexpp(u) > 2m, so it is a natural question to ask whether a more precise
estimate for the norm exponent of i can be given. Unless specific properties of y are taken into
account, the answer is no. To see this, let d € Z with d > 2m, § € 0, and w € o with Ww # 15.
Then Lemma 8.15 implies

1 -y =1-n'Bmod np(P*), ¥=w

for

texp(P)—m a— ﬂlexp(P)+d—m

y = —np(w) + 12"B + 1 af + nBnp(w) € 0.

Hence nexpp(l1 — 7%"y) = oo for d > 2texp(P) by the local norm theorem 8.10, and, by
Cors. 8.14,9.10, 8 may be so chosen that nexp,(1 — 72"y) attains any finite pre-assigned value d
with 2m < d < 2texp(P) provided V3 # F.

(b)Letd € Z,0 < d < 2texp(P), B,/ € o* andput pr := 1 — 798, i’ = 1 — 7B’ € 0*. We
wish to refute the converse of Cors. 8.14(b) and 9.10(b) by showing that 8 = 8’ does not imply
u =y’ mod np(Vy). Indeed, if 8 # f', then 8 = 8/ amounts to the same as ¢’ = 1 — 18 — n%y
for some integer ¢ > d and some y € 0*, allowing us to conclude

u = (1= 2% 'y) = 1= 2% 'y mod np(Vy).
Therefore,
o p =" mod np(Vy) for g > 2 texp(P) (Thm. 8.10),
but

o u # y/ mod np(Vy) for d < g < 2texp(P), provided y ¢ V% if ¢ < 2texp(P) is even
(Cors. 8.14,9.10), and w%)"/ ¢ Im(pvp;gwo) if d = 2 texp(P) (Thm. 9.9).

The preceding results on the behavior of the ramification index, the pointed quadratic residue
space and the trace exponent under the passage from P to {u)) ® P, u € F*, can be stated
in a particularly concise way when addressed to pointed Pfister quadratic spaces by combining
them with the embedding property of Prop. 7.6. In order to do so, we introduce the following
terminology.

9.12. Scalars of standard type.

We say a scalar u € F has standard type relative (or with respect) to P if it satisfies one of
the following mutually exclusive conditions.

(a) wis aprime element of o (possibly distinct from ).
(b) u = 1 — nB for some odd integer d with 0 < d < 2 texp(B) and some 3 € 0*.
(c) u=1-n?B for some even integer d with 0 < d < 2 texp(B) and some 3 € o with 3 ¢ VI%.

9.13 Theorem. Let P be a pointed n-Pfister quadratic space over F that is anisotropic and wild
of ramification index epjp = 1. For Q to be a wild anisotropic pointed (n + 1)-Pfister quadratic
space over F into which P embeds as a pointed quadratic subspace it is necessary and sufficient
that Q be a pointed quadratic space isomorphic to {u)) ® P, for some scalar u € F of standard
type relative to P. In this case, precisely one of the following implications holds.
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(a) If pis a prime element in o, then
eoir =2, Q=P, texp(Q) = texp(P).
(b) If u =1 —nB for some odd integer d with 0 < d < 2 texp(P) and some B € 0*, then

d—-1

eoir =2, Q=P, texp(Q) = texp(P)— —

(¢) If u = 1 — n’B for some even integer d, 0 < d < 2 texp(P) and some j3 € o with 3 & V3, then

- _ _ d
egir =1, 0=(LY®P, texp(Q) = texp(P) — ok

Proof. By Props. 9.2,9.6,9.7, the condition is sufficient, and (a)—(c) hold. Conversely, suppose
Q is a pointed anisotropic wild (n + 1)-Pfister quadratic space over F containing P as a pointed
quadratic subspace. Up to isomorphism, Q = {u) ® P for some u € F* by the embedding
property (Prop. 7.6), where the reduction of 9.1(b) allows us to assume that ¢ € 0™ is a unit in
0. Q being anisotropic implies 0 < d := nexpp(u) < 2texp(P) by the local norm theorem 8.10
and without loss ¢ = 1 — 748 for some 8 € o. Since Q is wild, we conclude d < 2 texp(P) from
the part of Thm. 9.9 already established, and if d is odd, then 8 € 0* (Prop. 8.14(a)), while if d is
even, then 8 ¢ VI% (Cor. 9.10). In any event, u has standard type relative to P. O

9.14 Corollary. With P as in Thm. 9.13, let Q be a pointed quadratic space over F.

(a) The following conditions are equivalent.
(1) Q is an anisotropic pointed (n + 1)-Pfister quadratic space into which P embeds as a
pointed quadratic subspace such that eg;r = 2 and texp(Q) = texp(P).
(i) Q={nBY®Por Q = {1 —aB) ® P for some 5 € 0*.
In this case Q = P.
(b) The following conditions are equivalent.
(1) Q is an anisotropic pointed (n + 1)-Pfister quadratic space into which P embeds as a
pointed quadratic subspace such such that eg/r = 1 and texp(Q) = texp(P).
(i) Q = () ® P for some u € o with i ¢ Vg.
In this case, O = (ji) ® P.

Proof. In (a) and (b), condition (i) implies that Q is wild (Prop. 8.2(a)). Hence the assertions
follow immediately from Thm. 9.13. O

There is an analogue of Thm. 9.13 dealing with tame rather than wild enlargements of pointed
n-Pfister quadratic spaces. We omit the proof since it proceeds along the same lines as the one
of Thm. 9.13, applying Thm. 9.9 in full rather than Props. 9.2,9.6,9.7.

9.15 Theorem. Keeping the notations of 9.8(b), let P be a pointed n-Pfister quadratic space
over F that is anisotropic and wild of ramification index epyr = 1. For Q to be a tame and
anisotropic (n + 1)-Pfister pointed quadratic space over F into which P embeds as a pointed
quadratic subspace it is necessary and sufficient that Q be a pointed quadratic F-space and
there exist an element 8 € o with

Q=(uyePr, u:=1-72Pg  Bye¢lm(py,s, ), Bo:=npw)B. O
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10. A-normed and A-valued conic algebras

In order to illuminate the intuitive background of the present section, we recall the notion of
an absolute-valued algebra. Following Albert [1] (see also Palacios [38]), an absolute-valued al-
gebra is a non-associative real algebra A equipped with a norm x + ||x|| that permits composition:
[lxyll = Ilx||lyll for all x,y € A. Since absolute valued algebras obviously have no zero divisors,
the finite-dimensional ones are division algebras, hence exist only in dimensions 1, 2,4, 8 (Albert
[1] gave an ad-hoc proof of this result, the Bott-Kervaire-Milnor thoerem not having been known
at the time). By contrast, natural analogues of absolute-valued algebras over 2-Henselian fields
will be discussed in the present section that exist in all dimensions 2", n =0,1,2... .

Throughout we continue to work over a fixed 2-Henselian field F' as in 7.7 and alert the
reader to the terminological conventions of 7.14. All vector spaces, algebras, etc. over F are
tacitly assumed to be finite-dimensional.

10.1. The basic concepts.
A conic algebra C over F is said to be A-normed if the following conditions hold.

(i) C is nonsingular, round and anisotropic.
(ii) Ac is sub-multiplicative: Ac(xy) > Ac(x) + Ac(y) for all x,y € C.

We speak of a A-valued conic algebra if C satisfies (i), and if instead of (ii) the following stronger
condition holds:

(iii) A¢ is multiplicative: A¢c(xy) = Ac(x) + Ac(y) for all x,y € C.

The norm of a A-valued conic algebra C over F will typically not permit composition (for ex-
ample, if the dimension of C differs from 1, 2,4, 8) but, remarkably, its failure to do so is not
detected by A since A¢ being multiplicative by (7.14.1) amounts to A(nc(xy)) = A(nc(xX)nc(y))
for all x,y € C. This looks like a pretty far-fetched phenomenon but, in fact, turns out to be quite
common.

We start with a trivial but useful observation.

10.2 Proposition. (a) A-valued conic algebras over F are division algebras.
(b) A composition algebra over F is a A-valued conic algebra if and only if it is a division
algebra. O

10.3 Proposition. Let C be a nonsingular, round and anisotropic conic algebra over F. Then C
is A-normed if and only if o¢ C C is an o-subalgebra and p¢c C o¢ is an ideal with pé C poc. In
this case, C := oc/pc is a conic algebra over F whose norm, trace and conjugation are given by
the formulas

ne(®) = ne(x), (1)
1e(X) = tc(x), )
@ = (") 3)

for all x € oc. Moreover, the norm of C is round and anisotropic.
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Proof. By Lemma 7.12, sub-multiplicativity of A¢ amounts to

1
Ac(xy) 2 Ac(x) + Ac(y) (ryeC, 0=, Ac(y) < 5)-

The first part of the proposition follows from this at once. The second part is a restatement of
Prop. 7.10. O

Remark. The conic algebra C = o¢/pc is called the residue algebra of C. If C is wild, we do
not know whether this residue algebra always agrees with the purely inseparable extension field
of F attached to C via 9.5, though it does if C is a composition algebra [43, Prop. 1].

10.4 Corollary. With the notations of Prop. 10.3 suppose in addition that C has ramification
index ec/p = 1. Then:

(a) C is A-normed if and only if oc C C is an o-subalgebra.
(b) C is A-valued if and only if C is A-normed and C is a division algebra.

Proof. (a) pc = poc.
(b) Consulting Lemma 7.12 again, A¢ is multiplicative iff Ac(xy) = 0 for all x,y € of iff C is
A-normed and C is a division algebra. O

We now proceed to re-examine the main results of the preceding section within the framework
of A-normed and A-valued conic algebras.

10.5. Convention.

For the remainder of this section, we fix a A-normed conic algebra B over F having ramifica-
tion index eg/r = 1.

10.6 Proposition. If u is a prime element in o, then C := Cay(B, u) is a A-normed conic algebra
over F with C = B as conic F-algebras. Moreover, C is A-valued if and only if B is A-valued.

Proof. By Prop. 9.2, C is nonsingular, round and anisotropic. Combining Prop. 10.3 with
(1.10.1), we conclude that C is A-normed. It remains to show that if B is A-valued, so is C.
By Lemma 7.12, we must show Ac(x1x2) = Ac(xy) + Ac(xp) for all x; = u; +v;j € C, u;,v; € B,
0 < Ac(x) < %, i = 1,2. There are four cases: (i) Ac(x1) = Ac(xz) = 0, (ii) Ac(xy) = O,
Ac(x2) = 3, (iii) Ac(x1) = 3, Ac(x2) = 0, (iv) Ac(x1) = Ac(x2) = 1. We only treat (iv) and leave
the other three cases to the reader. From (9.2.1) we deduce u; € pp, v; € oy fori = 1,2 and
(1.10.1) yields
XiXp =U+Vj, u=ujuy+Uvivi, vV =vup + v,

where /13(1/{) = 1, /13(\/) > 1, hence ﬂc(X]Xz) =1= /lc(xl) + /lc(JCQ) ]

10.7 Example. Specializing Prop. 10.6 to (iterated) Laurent series fields of characteristic not 2,
we recover examples of A-valued conic algebras that originally go back to to Brown [8, pp. 421-
422]. In a slightly more general vein, let k be any field, L/k a separable quadratic field extension
and write

A =Cay(L;uy, ..y dy-1) neZ,n>1)

for the k-algebra arising from L and scalars yy,...,u,-1 € K by means of the Cayley-Dickson
process as in 1.12. Then A is a flexible conic algebra with norm an n-Pfister quadratic form.
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We now assume that A is a division algebra, forcing A to be nonsingular, round and anisotropic.
Consider the field F = k((t)) of formal Laurent series in a variable t with coeflicients in k, which
is complete and therefore Henselian under the standard discrete valuation A: F — Z. Setting

B:=A® F =A(Y),

we obtain a flexible conic division F-algebra whose norm is an anisotropic n-Pfister quadratic
form over F. Using (7.9.1), a straightforward verification shows

0o

As( Z at’) = min{r € Z| a, # 0} (a, € A, re ),

r=-oo

which immediately implies that B is an unramified A-valued conic algebra over F. By Prop. 10.6
we thus find in C := Cay(B, t) a A-valued conic algebra over F having dimension 2"*!. Starting
from A = L (i.e., from n = 1) and continuing in this way, we obtain A-valued conic algebras over
appropriate iterated Laurent series fields in all dimensions 2",n =0,1,2,....

10.8 Example. We specialize Example 10.7 a bit further by setting k = R, L = C, n = 3, and
u1 = o = —1. Then A = O, the real algebra of Graves-Cayley octonions, and B = O((t)) is
the unique unramified octonion division algebra over F' = R((t)). Moreover, the 16-dimensional
conic division algebra

C = Cay(B,t) = Cay(F;-1,-1,-1,¢t)

over F contains B’ := Cay(F;—1,—1,t) as a ramified octonion subalgebra. In particular, B and
B’ are not isomorphic, allowing us to conclude from [8, Thm. 2] that the subalgebra B’ C C does
not satisfy the embedding property 1.11.

10.9 Proposition. If B as in 10.5 is tame and p € 0™ \ ng(B*), then C := Cay(B, u) is a A-normed
conic algebra over F with C = Cay(B, i) as conic F-algebras. Moreover, C is A-valued if and
only if C is a division algebra.

Proof. By Prop. 9.3, C is a tame nonsingular, round and anisotropic conic algebra over F with
ec/r = 1. Moreover, op being a o-subalgebra of B by Prop. 10.3, we conclude from (9.3.2) that
oc is an o-subalgebra of C. Now everything follows from Cor. 10.4. O

Dealing with the case that B as in 10.5 is wild turns out to be more troublesome. We not
only need a few preparations but also have to add an extra hypothesis by requiring that the conic
algebras involved be flexible.

10.10 Proposition. Let C be a flexible A-normed conic algebra over F. Then

Atc(x)) 2 &(C) + Ac(x), (1)
Ac([x1, x2]) 2 W(C) + Ac(x1) + Ac(x2), 2
Ac(x = x") = w(C) + Ac(x) 3)

forall x, x1,x, € C*.

Proof. (1) follows immediately from (8.4.1). To establish (2), we combine (1) with (2.4.2),
(7.9.5), and (8.7.2) and use the fact that A¢ is sub-multiplicative. Finally, applying (1) and (2.1.6),
we obtain

Ac(x = x*) = Ac(2x — tc(x)1¢) 2 min{er + Ac(x), w(C) + Ac(0)},

and (3) follows from (8.7.2). O]
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10.11 Lemma. Suppose B as in 10.5 is wild and p € 0* has the form
u=1-78, deZ, 0<d<2texp(B), Beo*. (1)

Setting C = Cay(B, 1) and

0<m:=|=|<texp(B), Oy :=xn"(lp+j)eC 2)
asin (9.4.1), the relations
u(v@y) = 7 "u,v] + (vu)@y, 3)
O Ju = 77"v(u — u*) + (vu*)Oy, )
(11©)(120,) = (ﬂ_zm[vl,vz -] - ”d_zmﬁvzvl) + ﬂ_m(tB(Vz)Vl - [V1,V2])®d &)

hold for all u,v,vy,v, € B. Moreover, if B is flexible, then O := og ® 030y is an o-subalgebra of
C.

Proof. A slightly involved but straightforward computation using the transition formulas
Uu+vO, =+ ")+ "), u+vj=w-v)+a"v0,
implies (3)—(5). Combining these with Prop. 10.10 leads to the final assertion of the lemma. [

10.12 Theorem. Suppose B as in 10.5 is flexible and wild,
u=1-78, deZ, 0<d<2texp(B), BEeo*,

and d is odd. Then C := Cay(B, u) is a flexible A-normed conic algebra over F with C = B as
conic F-algebras. Moreover, C is A-valued if and only if B is A-valued.

Proof. The proof is similar to that of Prop. 10.6, but a bit more complicated. By Prop. 9.6, C is
nonsingular, round and anisotropic. Combining the final statement of Lemma 10.11 with (9.6.4),
we conclude that oo C C is an o-subalgebra which, thanks to (10.11.3-5) and to d being odd
contains p¢ as an ideal with p% C poc. Thus C is A-normed (Prop. 10.3), and it remains to show
that if B is A-valued, sois C. Let x; = u; + vI1 € C*, u;,v; € B, i = 1,2 and x1x, = u + vII, where
(10.11.3-5) imply

- -2 "
u=ujuy + 71" ([ur, val + vi(up — uy)) + 7" [vi, va — V3] — BV3VL, (D

v = vouy + vy + " (ts(v)vy — [vi, v2]). 2

We must show A¢(x1x2) = Ac(x) + Ac(x2). To this end, invoking Lemma 7.12, we may assume
0 < Ac(xy) < %, i = 1,2. Since conjugation is an algebra involution of C leaving A¢ invariant,
there are three cases: (i) Ac(x1) = Ac(x2) = 0, (ii) Ac(x1) = 0, Ac(xp) = %, >iii) Ac(x1) = Ac(xp) =
%. Among these cases, we treat only (iii) since the other ones can be treated analogously. In (iii)
we have uj,uy € pg, vi,v2 € 0}, observe Prop. 10.10 and obtain u = —zBv;v; mod p% by (1),
hence Ag(u) = 1, while (2) yields Ag(v) > 1. Therefore Ac(x1x2) = 1 = Ac(x1) + Ac(x2). O]
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10.13 Theorem. Suppose B as in 10.5 is flexible and wild,
p=1-nB, deZ, 0<d<2texp(B), Beo, B¢V (1)

and d is even. Then C := Cay(B, p) is a wild A-normed conic algebra over F with C = Cay(B, B)
as conic F-algebras. Moreover, C is A-valued if and only if C is a division algebra.

Proof. By Prop. 9.7, C is a nonsingular, round and anisotropic conic F-algebra. Moreover, C is
wild of ramification index 1. The final statement of Lemma 10.11 combined with (9.7.5) shows
that o C C is an o-subalgebra, forcing C to be A-normed (Cor. 10.4(a)). Moreover, writing
Cay(B,B) = B® Bj’, j* = Bl as in 1.10, consulting (10.11.3-5) and observing d < texp(B) =
w(B), Prop. 10.10 shows that (in the notations of Prop. 9.7) the assignment u + vZ — i + V)’
determines an isomorphism C — Cay(B, ) of F-algebras. The final statement of the theorem
follows immediately from Cor. 10.4(b). O

10.14 Corollary. With the notations and assumptions of Thm. 10.13, suppose in addition that
B/F is a purely inseparable field extension of exponent at most 1. Then C is a A-valued conic
algebra over F with C = B(+/p).

Proof. Tt suffices to note that the last condition of (10.13.1) makes Cay(B, ) = B(+/B) (cf. 1.12,
Case 2) a division algebra. O

Remark. The additional hypothesis in Cor. 10.14 is fulfilled if, e.g., B is a composition algebra
(Remark to 10.3).

10.15 Examples. In Brown’s examples of conic division algebras (cf. 10.7), one basically keeps
building up ramified A-valued conic algebras over iterated Laurent series fields of characteristic
not 2. By contrast, we will now be able to construct wild A-valued conic algebras of ramification
index 1 over appropriate Henselian fields of characteristic zero. Let k be any field of characteristic
2 and write K for the field of rational functions in an infinite number of variables over k. Then
[K : K%] = co. Pick an infinite chain

K=KycKic---cK,_;,CK,C---

of purely inseparable field extensions of K having exponent at most 1 and [K), : K] = 2" for all
integers n > 0. Following Teichmiiller [50], there is an essentially unique complete field ' under
a discrete valuation 1: F — Z, such that F has characteristic zero, residue field F = K and
absolute ramification index er = 1. For n > 1 choose 8, € 0* such that K,, = Kn_l(\/B_n), put
un = 1 —,, observe (8.7.1) and apply Cor. 10.14 successively ford = 0 andn = 1,2,3,... to
conclude that the Cayley-Dickson process leads to a wild A-valued conic algebra

Cy = Cay(F;p1, ..., )
over F having dimension 2" and ramification index 1 such that C, = K.

10.16 Corollary. Let Q be a pointed Pfister quadratic space over F that is anisotropic and wild
of ramification index e r = 1. Then there exists a flexible A-valued conic algebra C over F such
that Qc = Q and C/F is a purely inseparable field extension of exponent at most 1.
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Proof. Arguing by induction, we let Q be a pointed (n + 1)-Pfister quadratic space and pick a
pointed n-Pfister quadratic subspace P C Q. Clearly, P is wild with ep/r = 1. By Theorem 9.13,
some scalar u of standard type relative to P satisfies Q = {u)®P up to isomorphism, and since the
implications (a),(b) of that theorem do not hold for w, implication (c) does. On the other hand, the
induction hypothesis leads to a flexible A-valued conic algebra B over F with Op = P such that
B/F is a purely inseparable field extension of exponent at most 1. By Cor. 10.14, C := Cay(B, u)
is a flexible A-valued conic algebra over F with Q¢ = {u) ® P = Q and C = B( \/E). O

We still haven’t closed the gap in our proof of Thm. 9.9 but will now be able to do so by
appealing to the connection with conic algebras. In view of Cors. 10.14,10.16, the missing
equivalence of (v) and (i)—(iv) in Thm. 9.9 will be a consequence of the following result.

10.17 Theorem. Suppose B as in 10.5 is flexible, wild and A-normed having B/F as a purely
inseparable field extension of exponent at most 1 and, with the notations of 9.8(b), let

Beo, pi=1-mPBBc > By :=ngwy)B. (1)

Then C := Cay(B, ) is anisotropic if and only if By ¢ Im(gal-;jw0 ). In this case, setting

B := 17 "B (wy + wo j) € C, 2)
we obtain the relations
tc(Eo) =1, nc(Eo) =Bo, C=B® BEy, 3)
Ac(u +vEg) = min {Ap(u), 13(v)} (u,v € B), “4)
oc =0p®o0pEy, Pc =Ppp®ppEo )

and C is A-normed with Q¢ = Q Bio.suy-

Proof. As in the proof of the implication (iii) = (i) in Thm. 9.9, we put d := 2 texp(B), E := Q4
and have Z¢ = wyE. Thus the first two relations of (3) follow from (9.4.5,6), while the last one
is a straightforward consequence of the fact that B is A-valued by Cor. 10.4(b), hence a division
algebra (Prop. 10.2(a)). Setting m := texp(B), we let v € B and compute, using (1.10.1,2),(2.4.1)
and (1),

nc(vEo) = 1" nc(v(wy + wo j)) = 1" nc(vwo + (Wov) j)

—2m

72 (np(vwo) — ung(wov)) = 1 " np(vwo)(1 — ) = ng(vwo)B.

But since B/F is a purely inseparable field extension of exponent at most 1, we have ng(vwg) =
ng(v)ng(wp) mod p and conclude

nc(vEy) = ng(v)By mod p. (6)

Suppose first that C is anisotropic. Then C is an anisotropic conic algebra over F' containing B

as a subalgebra and [ := E_O € C as a distinguished element with t=(]) = 1, na(l) = ﬁ_o, ne(,l) =

Sw, (1) for all u € op. Moreover, (6) implies na(Vl) = ,8_0\72 for all v € 0. Writing B @ Bj’ for the

vector space underlying the pointed quadratic space QB;BO,S‘WO’ the assignment # + Vj > u + vl

therefore and by (2.2.2) gives an embedding ¢ from QO Bifo.5v, 1O Q¢ of pointed quadratic spaces.

Comparing dimensions (observe ec;r = 1 by (i) of Thm. 9.9), ¢: QB;/S’O,EWO — Q¢ is, in fact,
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an isomorphism, and since Q¢ is anisotropic, so is QB;BO,EV“()' Now Sy ¢ Im(p B,fwo) follows from
Cor. 3.10(a). Moreover, we claim that (4) holds (which immediately implies (5)). As usual,
we may assume u,v € og, which yields A¢c(u + vEg) > 0, and if this were strictly positive, we
would end up with ¢(z + vj') = #+ vl = 0, forcing # = ¥ = 0, a contradiction. Suppose next
Bo & Im(p B,5,,) and consider the full o-lattice

O =0 opZEy CC, @)
on which n¢ takes integral values. More precisely, (6) and (2.2.2) imply
ne(u + vZy) = np(u) + n"ng(vu, Zy) + ng(v)By mod p )
for all u,v € 0p. Reducing mod p, we obtain a pointed quadratic space
=90, F=Ba&BlI', I =58, 1z,

over F, and the assignment i ® v j' — it + I’ by (7),(8) gives an isomorphism from QE;BO,EWO onto
9. The former being anisotropic by Cor. 3.10(a), so is the latter. But then C must be anisotropic
as well since every non-zero element x € C satisfies 7”x € O \ pO for some integer m.

It remains to show that C is A-normed provided it is anisotropic. By Cor. 10.4(a), it suffices
to show that oo C C is an o-subalgebra. In order to do so, we use Lemma 10.11 to derive the
following formulas by a straightforward computation, for all u, v, v;,v, € B.

vZg = " [v, wol + (Wov)Z, 9)

VE = " [wo, L, v] + (L} v)Zo, (10)

u(vEp) = " (v, wol + [u, wov]) + (Wwov)u)Z, (11)
Epu = 77" ([v, wolu + (wov)(u — u™)) + (Wov)u*)E (12)
(viEp)(naEp) = ﬂ_z'"([vl,wo][vz,wo] + [[vi, wol, wova 1+ (13)

[wovi, wova — (wov2)T + (wovi)([va, wol = [v2, wol*))-
Bwovy)(wovy) + ﬂfm((Wovz)[Vl, wol + (Wovi)[va, wol"+
tg(wova2)wovy — [Wovl,Wovz])E-

Since B is A-valued, (10) implies 0gE C o¢, and then (11)—(13) combine with Prop. 10.10 to

establish o¢ as an o-subalgebra of C. O

10.18 Corollary. Suppose in Thm. 10.17 that B is an associative composition division algebra
and By ¢ Im(WB;Bo,EWO ). Then C is an unramified composition division algebra over F with C =

Cay(l_i';,[i‘_o, Sw,) as a non-orthogonal Cayley-Dickson construction.
Proof. Composition algebras are classified by their norms. [

Remark. If C as in Thm. 10.17 is anisotropic, its pointed quadratic residue space is described
explicitly by the theorem. But C is also a A-normed conic algebra, making C canonically a conic
algebra (over F) in its own right. It would be interesting to obtain an equally explicit description
of that algebra. Cor. 10.18 provides one if C is a composition algebra but it is not at all clear
whether this description prevails in the general case, nor whether C is always a A-valued conic
algebra.
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11. Applications to composition algebras

There are obvious and less obvious applications of the preceding results to composition al-
gebras. Working over a fixed 2-Henselian field F of arbitrary characteristic as before (cf. 7.7),
the obvious ones may be described as follows.

11.1. Translations.

Since composition division algebras over F are classified by their norms and are A-valued
conic F-algebras by Prop. 10.2(b), the results of Sections 8,9 translate immediately into this
more special setting, where the ones in Section 9 in particular yield explicit descriptions of
how the valuation data ramification index, residue algebra and trace exponent behave under the
Cayley-Dickson construction. Rather than carrying out these translations in full detail, suffice it
to point out that all one has to do is replace

o the pointed quadratic space P of 8.14,9.1,9.4 by an associative composition division alge-
bra B over F having ramification index ep/r = 1,

e the pointed quadratic space Q by a composition algebra C, and the condition of Q being
anisotropic by the one of C being a division algebra,

e the passage from P to {u) ® P, u € F*, by the Cayley-Dickson construction Cay(B, u).

The less obvious applications of our results to composition algebras are all related, in one way
or another, to the following innocuous observation, which we have not been able to extend to
pointed Pfister quadratic spaces.

11.2 Proposition. Let C be a composition division algebra over F and B' C C a unital subalge-
bra. Assume char(F) # 2 or dimz(B’) > 1. Then there exists a composition subalgebra B € C
having ramification index e/r = 1 and satisfying B = B'.

Proof. One adapts the proof of [43, Lemma 3] to the present more general set-up; for com-
pleteness, we include the details. Since B’ is either a composition division algebra over F or a
purely inseparable field extension of characteristic 2 and exponent at most 1, it has dimension 2™,
m € 7,0 < m < 3. Moreover B’ is generated by m elements X1, . . ., X,,, for some xi,..., x, € oc,
where we may assume m > 1 since m = 0 implies char(F) # 2 by hypothesis and B := F does
the job. The elements of non-zero trace in C form a Zariski open and dense subset, which there-
fore is open and dense in the valuation topology as well, so we may assume #¢(x;) # 0. Then
B, the unital subalgebra of C generated by xi,...,X,, is a composition division algebra with
dimp(B) < 2™, B’ C B. Now Prop. 7.13 implies B = B’ and eg/r = 1. O

The preceding result can be refined in various ways. For example, given a composition
division algebra C over F, we will exhibit (chains of) proper composition subalgebras of C
having ramification index 1 and the same trace exponent as C. From this we derive normal forms
for octonion and quaternion algebras over F and show that quantities subject to a few obvious
constraints are the valuation data of an appropriate composition division algebra. We begin by
listing a few properties of wild separable quadratic field extensions which should be well known
but seem to lack a convenient reference. We therefore include the details.

11.3 Proposition. Let L be an F-algebra and suppose F has characteristic 2. Then the following
conditions are equivalent.
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(1) L/F is a wild separable quadratic field extension and ey r = 1.
(ii) There are a positive integer r and elements a € 0%, 8 € o such that B ¢ F? and

L = F[t]/(t* - "at + ).
If these conditions hold, L = F(~/B). Moreover, setting
9 :=tmod (> —7'at+pB) € L (1)

in (i1), the following relations hold.

AL(y + 69) = min {A(y), A(6)} (y,6 € F), (2)
op =0l ®00, pr=pl;®pd, 3)
texp(L) = min {eF, r}. 4

Proof. (i) = (ii). By (i) there exists an element 8 € o such that 3 ¢ F? and L = F(+/B). Pick
an element ¢ € o, satisfying ¢ = \/E Then t,(%) € p, and replacing B8 by ny () if necessary,
we may assume n; () = . Here 8 ¢ F 2 forces L = F(9) = F[]. We claim there is no harm
in assuming #; (¢ # 0. Indeed, for char(F) = 2, this is automatic while, if char(F) = 0, we may
replace ¢ by ¢ := 1, + . Thus, without loss, 7.(¢}) # 0. But this yields a unit @ € 0™ such that
() =xa"a,r:= At (9) € Z, r > 0, and L has the form described in (ii).

(ii) = (i). By the hypotheses on 3, the monic polynomial f := t*> — 7’at + 8 € o[t] C F[t]
is irreducible over F, and L/F is a separable quadratic field extension. Define ¢ as in (1). We
have n;(9) = 8 € 0%, hence ¥ € o}, and 9> = 3, which implies L = F{( VB). so L is wild and has
ramification index e;;r = 1. Hence (i) holds.

A standard argument now yields (2), which immediately implies the remaining assertions of
the proposition. O

11.4 Corollary. For a separable quadratic field extension L/ F to be wild and to have ramifica-
tion index 1 it is necessary and sufficient that texp(L) > 0 and there exist a trace generator u of
L with ny(u) ¢ F2. In this case, L = k[u] and u may be so chosen as to satisfy the additional
relation

A(u — u*) = texp(L). (1)

Proof. Necessity and the final statement. If Lis wild and e, = 1, we obtain texp(L) > 0 and first
deal with the case er > texp(L). Then we find a positive integer r and elements a € 0*, 8 € 0 as
in Prop. 11.3(ii) and conclude texp(L) = r from (11.3.4). Moreover, u := ¢ as defined in (11.3.1)
is a trace generator of L satisfying ny (u) ¢ FZand L = Flu]. Finally, Ay (u—u*) = A Qu—n"aly),
where A;(2u) = ep > r = Ap(n"aly), which implies (1) as well. By (8.7.2), we are left with the
case e = texp(L) < oo. Then F has characteristic 0, allowing us to apply Cor. 9.14(b) with
B = P = F: there exists a scalar u € o such that i ¢ F?> and L = F( Vi), so some y € o} has

L=F[yl, t(»)=0, n(y)¢F. )

Hence u := 1 +y € oy is a trace generator of L satisfying n;(u) ¢ F>. Moreover, since y* = —y
by (2), Ap(u — u*) = A.(2y) = er = texp(L), and the proof is complete.
Sufficiency. We have L = k[u], t1(u) = 7", r := texp(L), @ € 0%, and condition (ii) of
Prop. 11.3 holds with 8 = ny (). O
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11.5 Proposition. Let L be an F-algebra and suppose F has characteristic 2. Then the following
conditions are equivalent.

(1) L/F is a separable quadratic field extension of ramification index ey;p = 2.
(ii) There are a positive integer r and elements a, 8 € 0 such that

L = F[t]/(t* - n"at + 7B).

In this case, for any prime element I1 € oy (e.g., for

IT:=t mod (t* — n"at + 1)) (D
the following relations hold.
. 1
AL(y + 61) = min{A(y), A(6) + 5} (y,6 € F), ()
op=0®oll, p;=pdoll, 3)
texp(L) = min {ep, r}. “4)

Proof. Everything is standard once it has been shown in (i) = (ii) that 0, contains prime elements
IT with ¢, (IT) # 0. But this follows from the fact that the set of elements in L with non-zero trace,
by separability being open and dense in the Zariski topology, is open and dense in the valuation
topology as well. [

11.6 Theorem. Let C be a composition division algebra of dimension 2", n = 2,3, over F. Then
there exists a separable quadratic subfield L C C having ramification index 1 and the same trace
exponent as C: ep;r = 1, texp(L) = texp(C).

Proof. Setting r := texp(C), we proceed in four steps.

1°. Let us first consider the case r = 0. Then C is a composition division algebra of dimension
at least 2 over F and hence contains a separable quadratic subfield L’ € C, which by Prop. 11.2
or [43, Lemma 3], lifts to a separable quadratic subfield L € C with e;;p = 1, texp(L) = 0 = r.
We may therefore assume from now on that » > 0, so C is wild.

20, Next we deal with the case ec/r = 1. Pick a trace generator wy of C, which belongs to
of by (8.3.1). If wog ¢ Flc, then L := F[wo] is a separable quadratic subfield of C satisfying
1 <epr <ec/p=1,hence erp = 1. From p" = 7”0 = t7(owg) C t(07) = p'*PL) we conclude
texp(L) < r, which implies texp(L) = r by Prop. 8.2(b). On the other hand, if wy € Fl¢, then r =
er and any separable quadratic subfield L C C satisfies e;;r = 1 as well as r < texp(L) < ep = r
by Prop. 8.2(b) and (8.7.2).

3. We are left with the case ec/r = 2. Then Prop. 11.2 yields a compositions subalgebra
B C C with eg/r = 1 and dimp(B) = 2""!. If texp(B) = r, we are done for n = 2 and my apply
29 to B for n = 3 to arrive at the desired conclusion. By Prop. 8.2(b), we may therefore assume
texp(B) > r. But then Thm. 9.13 justifies the assumption C = Cay(B, u), u = 1 — 2%, for some
odd integer d, 0 < d < 2 texp(B), and some unit 8 € 0*. In other words, we are in the situation
of Prop. 9.6.

4°. Applying 2° to B if B is a quaternion algebra, we find a separable quadratic subfield L C B
satisfying e;;r = 1, texp(L) = texp(B). From Cor. 11.4 we therefore conclude that there is an
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element u € o} such that 7,(u) = 7'"®_ n;(u) ¢ F?. Now consider the element w := u + ull,
which is a unit of o¢ by (9.6.4). Moreover, setting m := % and observing Prop. 9.6,

tew)=n"e, &:=1+7aPE7 ¢ oX

new) = np(u) + 217"y (u) + npng(u),

hence nc(w) = np(u) ¢ F2, so w by Prop. 11.3 generates a separable quadratic subfield L’ € C
with erjF = 1, tCXp(L,) =r. O]

11.7 Corollary. Every composition division algebra C of dimension 2", n = 2,3, over F contains
a trace generator which is a unit in oc.

Proof. Picking L € C as in Thm. 11.6, every trace generator of L is one of C and by (8.3.1)
belongs to 0} C of. O

11.8 Corollary. Let C be a composition division algebra over F with fc;p > 1. Then
texp(C) = min {Ac(u — u*) | u € oc} = min{Ac(u — u”) | u € of}.
Proof. Foru € o¢ we apply (2.1.6),(7.7.1),(8.7.2) and obtain
Acu—u") = AcQu — tc(u)1¢) = minfer + Ac(w), A (tc(u))} = texp(C).

Hence it suffices to show that there is an element u € of with Ac(u — u*) = texp(C). If C is tame,
the conjugation of C cannot be the identity, so Ac(u — u*) = 0 = texp(C) for some u € oé. We
may therefore assume that C is wild. Combining the hypothesis fc;r > 1 with Thm. 11.6, we
find a separable quadratic subfield L C C with e;;r = 1 and texp(L) = texp(C). Now Cor. 11.4
yields and element u € o} C of such that Ac(u — u*) = A (u — u*) = texp(L) = texp(C). O

We will see in Example 12.6 below that the hypothesis fc/r > 1 in the preceding corollary
cannot be avoided.

11.9 Corollary. Let C be a composition division algebra of dimension 2", n = 2,3, over F. Then
there exists a composition subalgebra B C C with

dimpz(B) = 2", epr =1, texp(B) = texp(C).

For n = 2, this is just Thm. 11.6, so we may assume n = 3, i.e., that C is an octonion algebra.
By [43, Lemma 3], we may also assume texp(C) > 0 and, applying Thm. 11.6 again, we find a
separable quadratic subfield L C C with e;;r = 1, texp(L) = texp(C). Hence it suffices to prove
the following lemma.

11.10 Lemma. Let C be a wild octonion division algebra over F and L C C a separable
quadratic subfield such that e;;r = 1, texp(L) = texp(C). Then there exists a quaternion subal-
gebra L C B C C with eg/r = 1, texp(B) = texp(C).

Proof. Since C is wild, its residue algebra C is a purely inseparable field extension of exponent

1 and degree at least 4 over F containing L as a quadratic subfield. Pick an element y € o

satisfying § € C \ L. Then L and y generate a composition subalgebra B C C of dimension at

most 4 whose residue algebra contains L(¥). Hence B C C is a quaternion subalgebra containing

L and having ep,r = 1, texp(C) = texp(L) > texp(B) > texp(C) by Prop. 8.2(b). O]
56



11.11 Normal Form Theorem (octonion algebras). For O < r < ep and an F-algebra C, the
following conditions are equivalent.

(i) C is an octonion division algebra over F having trace exponent texp(C) = r.
(i1) There exist
(I) a separable quadratic field extension L/F such that e;;p = 1 and texp(L) = r (in
particular, L is wild),
(1) a scalar « € o such that & ¢ L?,
(1) either a scalar B € o such that B ¢ L(Va)* and

C = Cay(L; a,8)
or a scalar 8 € 0* such that
C=Cay(L;a,1 —nB) or C =Cay(L;a,np).

If this is so, then eciyr = 1, C
C = L(Va) otherwise.

L(Va, \/E) in the first alternative of (Il), while ec;r = 2,

IR

Proof. (i) = (ii)). Thm. 11.6 yields a separable quadratic subfield L C C satisfying (I), and
applying Lemma 11.10, we find a quaternion subalgebra L € B C C with ep;r = 1, texp(B) =
texp(C) = r = texp(L). Now Cor. 9.14(b) yields a quantity « satisfying (II) and B = Cay(L, @),
B = L(Va), while (a) and (b) of the same corollary yield a quantity 43 satisfying (III) as well as
the remaining assertions of the theorem.

(i) = (i). This follows immediately from Prop. 9.2 and Cor. 9.14. O

Basically the same arguments, inserting the obvious simplifications at the appropriate places,
leads to the following quaternionic version of the preceding result.

11.12 Normal Form Theorem (quaternion algebras). For 0 < r < ey and an F-algebra B, the
following conditions are equivalent.

(1) B is a quaternion division algebra over F having trace exponent texp(B) = r.
(i1) There exist
(I) a separable quadratic field extension L/F such that e ;p = 1 and texp(L) = r (in
particular, L is wild),
() either a scalar « € o such that & ¢ L* and

B = Cay(L, ),
or a scalar a € 0™ such that
B=Cay(L;1 —na) or B =Cay(L,na).

If this is so, then egr = 1, B = L(\a) in the first alternative of (II), while ep;r = 2, B = L
otherwise.

O

On the basis of the preceding results, it can now be shown that the three valuation data we are
interested in can be pre-assigned in advance pretty much arbitrarily once the obvious constraints
are taken into account:
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11.13 Corollary. Let e,n,r be integers with n > 0 and A an F-algebra of dimension 2". There
exists a composition division algebra C over F satisfying C = A, ec/r = e, texp(C) = r if and
only if the following conditions are fulfilled.

(@) ec{l,2,0<n<d4-¢0<r<epr=er(forn=0e=1)
(b) A is a composition division algebra for r = 0, and A/ F is a purely inseparable field extension
of characteristic 2 and exponent at most 1 for r > Q.

Proof. 1If C is a composition division algebra of dimension 2™, 0 < m < 3, over F having the
prescribed valuation data, then e = ec/r € {1,2} by (7.9.8), 0 < r = texp(C) < er by (8.7.2) and
n=morn=m-— 1 according as ec/r is 1 or 2 by Prop. 7.13; moreover, n = 0 and e = 1 imply
C = F. Summing up and observing (8.7.1), we obtain (a), while (b) follows from Prop. 8.2(d)
combined with the remark to Prop. 10.3. Conversely, suppose (a) and (b) are fulfilled. If » = 0,
the existence of a composition division algebra over F with the desired properties follows from
from [43, Thms. 1,2]. We may therefore assume r > 0, which by (b) implies that A /F is a
purely inseparable field extension of characteristic 2, exponent at most 1 and degree 2". We first
consider the case n = 0. If e = 1, then C = F has the prescribed valuation data since r = ep
by (a). If e = 2, Prop. 11.5 yields a separable quadratic field extension L/k having e;,;r = 2,
texp(L) = r. We may therefore assume n > 0. By Prop. 11.3, there exists a separable quadratic
field extension L/F such that e/ = 1, texp(L) = rand L C A. Hence A = L, or A = L(Va) for
some a € 0,@ ¢ L2, or A = L(Va, \/E) for some ., € 0, @ ¢ L*, B ¢ L(Va)? according as
n = 1,2,3. In each case, Prop. 11.3 and Thms. 11.11, 11.12 yield a composition division algebra
C over F having the prescribed valuation data. O

Not surprisingly, however, the above valuation data are far away from classifying composition
division algebras over 2-Henselian fields. This fact is underscored by the following example.

11.14 Example. Suppose F has characteristic 2 and let F € K’ C L’ be a chain of purely
inseparable field extensions having exponent at most 1 over F such that [L’ : F] = 2%, [K’ :
F] = 2", n = 2,3. Furthermore, suppose r, s € Z satisfy the relations 0 < s < r < ep. Then
Cor. 11.13 yields a composition division algebra B over F with

egr=1, B=K', texp(B)=r. (D

We claim there are an infinite number of mutually non-isomorphic composition division algebras
C over F containing B as a subalgebra and having ecyr = 1, C = L', texp(C) = s. This is in
stark contrast to the fact that unramified composition division algebras up to isomorphism are
uniquely determined by their residue algebras [43, Thm. 1].

To prove our claim, we fix an element 8 € o with L’ = K'( \/E) and have B ¢ B? by (1), which
implies a8 ¢ B2 for any « € 0* with @ € B2. Setting

d:=2(r—s)=2(texp(B) —5) >0, po:=1- nda',B €o, C,:=Cay(B,uy),

we conclude from Prop. 9.7 that u, € o* and C, is a composition division algebra over F
satisfying o
ec,p=1, Co=L', texp(C,) = s.

It therefore siﬁices to show, for any additionzi element @ € o* with @/ € B2, that C, = C,
implies @ = a’. To see this, we write @ = 62, @’ = §"> with 6,6 € B and invoke Cor. 9.10(b) to
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derive the following chain of implications.
Co=Cy = af =a/Bfmod B
= AyeB:B="B+y
= AyeB:(6-8)\B+y=0

== = a=c.

12. Types of composition algebras and heights

The trace exponent has been our principal tool so far to detect wildness in pointed quadratic
spaces and related objects. Other tools of this kind may be obtained by consulting the literature.
It is the purpose of the present section to recast these tools in the setting of composition algebras
and to compare them with the trace exponent. We begin by describing what will turn out later
(see Cor. 12.4 below) to be a dichotomy of composition division algebras over a 2-Henselian
field F.

12.1. Types of composition algebras.

A composition division algebra C over F is said to be of unitary (resp. of primary) type if
there exist an associative composition division algebra B over F with ep;r = 1 and a scalar u
which is a unit (resp. a prime element) in o such that C = Cay(B, 1). We record a few easy but
useful observations.

(a) By Prop. 11.2, C is of unitary or of primary type, provided fc;r > 1 or char(F) # 2.

(b) For C to be of primary type it is necessary by Prop. 9.2 that C have ramification index
€c/F = 2.

(c) If C is tame, then C is of unitary (resp. of primary) type if and only if C is unramified (resp.
ramified) [43].

(d) Suppose F has characteristic 0 and F' has characteristic 2. A quadratic field extension of F
may or may not be wild. But if it is, it is of primary (resp. of unitary) type if and only if it is
tamely ramified (resp. wildly ramified or wildly unramified) in the sense of [23, p. 60].

12.2 Remark. At this stage we cannot rule out the possibility that a composition division algebra
C over F is both of unitary and of primary type: conceivably, there could exist composition
division algebras B, B’ over F of ramification index 1, and a unit y as well as a prime element y’
in o such that Cay(B, u) = C = Cay(B’, u’). For showing that this scenario is actually impossible,
the following improvement of Prop. 8.5 will play a crucial role.

12.3 Theorem. Let C be a composition division algebra over F.

(a) If C is of primary type, then w(C) = texp(C).
(b) Consider the following conditions on C.
(i) w(C) = texp(C) — 3.
(i1) There are trace generators of C belonging to pc.
(iii) C is wild of unitary type and ramification index 2.
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Then the implications
(i) = (ii) = (iii)
hold. Moreover, if fc;r > 1 or char(F) # 2, then all three conditions are equivalent.

Proof. We begin with the first part of (b).

(i) = (ii). Let wg be a regular trace generator of C. Then (i) and (8.5.1) show A¢(wg) > O,
hence wy € pc.

(il)) = (1). Let wy € p¢ be a trace generator of C. Then w(C) < A(tc(wg))—Ac(wg) < texp(C),
and Prop. 8.5(a) gives (ii).

(i) = (ii). If C is wild of unitary type and ramification index 2, we have C = Cay(B, u), B
an associative composition division algebra over F with eg/r = 1, 4 € 0%, and Thm. 9.13 shows
that we are in the situation of Prop. 9.6 with Q = C, P = B (cf. the translation formalism 11.1).
Picking a trace generator u of B, we apply (9.6.1),(9.6.5) to obtain

d-1

Atc(uID) = Aie(r™= (u +uj)) = Altaw) = =5~

d-1
= texp(B) — 5 = texp(C),

so ull € pc is a trace generator of C, showing (ii). Before completing the proof of (b), we turn to

(a) By hypothesis, we are in the situation of Prop. 9.2 with Q = C, P = B as before, and
by (9.2.2), an element of p¢ has the form y = u + vj, u € pp, v € og. Hence 77 'u € op since
ep/r = 1, and from (9.2.3) we conclude

Atc)) = Atgw)) = Atg(n~'u)) + 1 > texp(B) + 1 = texp(C) + 1 > texp(C).

Thus pc does not contain trace generators of C, violating (ii), hence (i), in (b). Now Prop. 8.5(a)
implies (a).

It remains to show (i) = (iii) in (b) under the assumption f¢;r > 1 or char(F) # 2. Then
ec/r = 2 by Prop. 8.5(c), and texp(C) = w(C) + % > 0 by (i) forces C to be wild. Moreover, by
12.1(a), it is of unitary or of primary type, the latter case being excluded by (i) and (a). O

12.4 Corollary. A composition division algebra C over F cannot be both of unitary and of
primary type.

Proof. If C is tame, the assertion follows immediately from 12.1(c). If C is wild of ramification
index 1, it cannot be of primary type by 12.1(b). Hence we are left with the case that C is wild of

ramification index 2. Then, by Thm. 12.3, w(C) = texp(C) is an integer if C is of primary type,
while w(C) = texp(C) — % is not if C is of unitary type. O

12.5 Corollary. Let C be a composition division algebra of primary type over F and suppose
B C C is a composition subalgebra with

1
epr =1, dimy(B) = Zdimy(C).

Then texp(B) = texp(C).

Proof. Since C is not of unitary type by Cor. 12.4, we obtain C = Cay(B,u) for some prime
element u € 0. Hence texp(B) = texp(C) by (9.2.3). O
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Both Cor. 11.8 and Thm. 12.3(b) fail in the exceptional cases stated therein. That is the point
of the following example.

12.6 Example. Let L/F be a separable quadratic field extension of ramification index 2 and
suppose char(F) = 2. Then we are in the situation of of Prop. 11.5, and if r < e, then texp(L) = r
by (11.5.4). Moreover, (11.5.1) gives A(t (I1)) = A(n"a) = r = texp(L), so Il € py is a trace
generator of L; in particular, for char(F) = 2, parts (i),(ii) of Thm. 12.3(b) hold but (iii) doesn’t.
On the other hand, if r > ef, then F has characteristic zero and

2r—1

4

L = F(«/my) = Cay(F,my), vy:=-B+ a? € 0%,
is of primary type, forcing w(L) = texp(L) by Thm. 12.3(a).
Letu=vy+o6lle€og,y,d6co(cf (11.5.3)). Applying (11.5.2),

1
Ar(u—u*) = Ap(—r"ad + 26I1) = min {r + A(5), e + A(5) + 5}
> min{r,er + 5}’
and this minimum is attained for, e.g., u = II. Thus, by(11.5.4),

t L f <er,
min (A, e — ") | u € o) = § P poorser
texp(L) + 5 for r > ef,

so in the latter case, the conclusion of Cor. 11.8 does not hold.
We remark in closing that Cor. 11.8 also fails if L/F is tame of ramification index 2 since this
implies texp(L) = 0 while * induces the identity on L, so A;(u — u*) > O forall u € o;.

12.7 Remark. There is an alternate way of proving Cor. 12.4, by working with quadratic forms.
Let C be a composition division algebra over F and suppose C is of unitary and of primary type.
Then there are composition division algebras B, B’ over F of ramification index 1 and a unit y as
well as a prime element x4’ in o such that

Cay(B,u) = C = Cay(B',i').
Then Prop. 3.12 yields a scalar y € F* satisfying
Cay(B,p) = Cay(B,y), Cay(B',u') = Cay(B',7) (D

Since eg;r = egr = 1, we conclude from (9.1.2) that A(ng(B*)) = A(ng (B™)) = 2Z. Hence
Prop. 7.5(b) and the first relation of (1) show that A(y) is even, while Prop. 7.5(b) and the second
relation of (1) show that A(y) is odd, a contradiction.

With the aim of generalizing Thm. 11.6, Cor. 11.9 and Lemma 11.10, we next turn to the
problem of finding (chains of) subalgebras having ramification index 1 and pre-assigned trace
exponents. Once the obvious constraints are taken into account (provided, e.g., by Prop. 8.2(b)
and Cor. 12.5), we will show that chains of such subalgebras always exist.

12.8 Theorem. Suppose F has characteristic 2 and let C be a composition division algebra of
dimension 2", n = 2,3, over F that is not a quaternion division algebra of primary type. Given
r € Z, texp(C) < r < ey, there exists a separable quadratic subfield L C C with er;r = 1,
texp(L) =r.
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Proof. The case r = texp(C) having been settled by Thm. 11.6, we may assume r > texp(C).
Applying Cor. 11.9 and then Thm. 11.6, we find a composition subalgebra B C C and a separable
quadratic subfield K € B with

dimg(B) = 21 ex/r =epr =1, texp(K) = texp(B) = texp(C).

Suppose for the time being that the case n = 2 has been solved and let n = 3. The quaternion
algebra B, having ramification index 1, cannot be of primary type, allowing us to apply the case
n =2 to B in place of C and leading us to the desired conclusion.

We are thus reduced to the case n = 2, which we will assume for the rest of the proof. Then
K = B and C has dimension 4, hence is not of primary type by hypothesis. We are therefore led
to a unit u € 0* with

C =Cay(K,u) = K® K. (1)

Let us first assume texp(K) = texp(C) = 0, so K is tame. Since C is a division algebra, we
conclude f1 ¢ ng(K*) from Prop. 9.3. In particular, we have i ¢ F2. The hypothesis texp(K) = 0
yields an element v € ok having tx(v) = 1. Observing (1), we put

wi=nv+jeC

and obtain fc(w) = 7", nc(w) = 7ng(v) — u, nc(w) = i ¢ F2. In particular, w € o} \ Flc and
we conclude from Prop. 11.3 that L = F[w] € C is a separable quadratic subfield of the desired
kind.

We are left with the case texp(K) = texp(C) > 0. Then K is wild, and Cor. 11.4 yields an
element u € o} with

te(u) = 10, ng(u) ¢ F. 2
By (1) and Cor. 9.14, we may assume
A¢F? or pu=1-nB forsomep e o* 3)
according as C has ramification index 1 or 2. We now put

{n_rtexp(K)u + ,] eC if €c/F = 1’
W=

Py 4 yje C ifecir = 2.

Then tc(w) = 7" by (2), and for ec/r = 1 we obtain ne(w) = i ¢ F? by (3). Similarly, for
ec/r = 2, we obtain m = m ¢ F? by (2),(3). In either case, w € oé \ k1¢ generates a
separable quadratic subfield L := F[w] C C of ramification index e;/r = 1 and trace exponent
texp(L) = r (Prop. 11.3). O]

12.9 Corollary. Suppose F has characteristic 2 and let C be an octonion division algebra over
F that is not of primary type. Given r,s € Z, texp(C) < r < s < ep, there exists a filtration
L C B C C consisting of a quaternion subalgebra B C C and a separable quadratic subfield
L C Bsuch that epjr = ep/r = 1 and texp(B) = r, texp(L) = .
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Proof. It suffices to construct a quaternion subalgebra B C C with ep/r = 1, texp(B) = r because
Thm. 12.8 applies to such a B and also yields an L with the desired properties.

To construct B, we first invoke Thm. 11.6 and Cor. 11.9 to find a quaternion subalgebra
B; € C and a separable quadratic subfield L; € B, satisfying

er,)F =ep r =1, texp(L;)=texp(B;) = texp(C). 1)
By hypothesis, (1) and Cor. 9.14 yield units y;, u, € 0* with
By = Cay(Li,u) = Li® L ji, [ ¢ F?, (2)

C = Cay(B;,u2) = B1 ® By j»,
where
iz & F? forec/p = 1 and s = 1 = 71,, B2 € 0™ for ecp = 2.

By the same token,
B, = Cay(Ll,,uz) =Li®LjC C

is a quaternion subalgebra not of primary type by Cor. 12.4 with texp(B,) = texp(L;) = texp(C) <
r < ep, ep,)r = ec/r. Hence Thm. 12.8 leads us to a separable quadratic subfield L C B, with
er/r = 1, texp(L) = r and (2) combines with Cor. 9.14(b) to show that the quaternion subalgebra

B=Cay(L,uyy)=Le®Lj cC
satisfies ep/r = 1, texp(B) = texp(L) = r. ]

12.10. Heights.

Over a Henselian field having residual characteristic p > 0, the height as an important invari-
ant of a central associative division algebra of degree p over F has been considered by Saltman
[46, pp. 1757, 1765-6] (who uses the term “level”), Kato [24, § 1] (who calls it the “ramifi-
cation number”), and Tignol [52, 3.2]. It is, in particular, Tignol’s approach that suggests two
immediate translations to the setting of composition algebras.

Let C be a composition division algebra over our 2-Henselian field F. We use the maps
heom: C* X C* = Qoo, Nyss : C* X C* X C* — Q, given by

heom(x,y) := Ac([x,y]) — Ac(x) = Ac(y) = 0, (1)
hass(x,,2) := Ac([x,,2]) — Ac(x) = Ac(y) = Ac(z) 2 0 (2)
for all x,y,z € C* to define
hgteom(C) 1= inf {ficom(x,y) | x,y € C*}, 3)
hgt, () := inf {hys(x,y,2) | x,y,z € C*} 4)

and to call these numbers the commutative height and the associative height of C, respectively.
If C has dimension at most 2, then hgt . .(C) = hgt, (C) = co. On the other hand, if C is a
quaternion algebra, then hgt. . (C) < oo = hgt,(C) and hgt_,,(C) agrees with what Tignol calls
its height, while if C is an octonion algebra, its commutative and its associative height are both
finite.

A general theorem of Tignol [52, 3.12] implies hgt,.,(C) = w(C) for any quaternion division
algebra C over F. This special observation is part of a much more general picture that will be
summarized in the following theorem, whose proof in the quaternionic case is independent of
[52] and, in fact, works uniformly in the octonionic case as well.
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12.11 Theorem. If C is a quaternion division algebra over F, then
hgteom(C) = w(O).
If C is an octonion division algebra over F, then
hgt,om(C) = hgt, (C) = w(C).
Proof. Let C be a composition division algebra of dimension 2", n = 2, 3, over F. We must show

hgtem(C) = w(0), (1
hgt o, (€) = hgty( (C) = w(C) (for n = 3). 2)

To do so, we combine Thm. 2.8 with (10.10.1) to obtain
Ac([x1, x2, x3]) 2 W(C) + Ac(x1) + Ac(x2) + Ac(x3)
for all xy, xp, x3 € C. Combining this and (10.10.2) with (12.10.1-4), we conclude
hgt ., (C) = w(C), hgt, (C) = w(C). 3)
To complete the proof of (1),(2), it therefore suffices to show that

heom(x1, X2) = w(C) (for some x1, x, € C), 4)

Nass (X1, X2, x3) = W(C) (for n = 3 and some x1, x3, x3 € C). 4)

For this purpose, we require two additional formulas: suppose C = Cay(B,u) = B® Bj is a
Cayley-Dickson construction as in 1.10, for some associative composition algebra B over F and
some scalar u € F*. Then a straightforward application of (1.10.1) yields

(u, jl = (u—u")j (u € B), (6)
[u1, u, j1 = [u1, uzlj (w1, uz € B). @)

In order to establish (4),(5), we distinguish the following cases.

Case 1. ecir = 1.

Then w(C) = texp(C) by Prop. 8.5(c). If C is tame, the C is a composition division algebra of
dimension 2" over F, so there are x;, Xy, x3 € of with [x1, x2] € of, and even [x1, x2, x3] € o for
n = 3. By (12.10.1),(12.10.2), this implies A¢om(x1, x2) = 0 = texp(C), and even h,gs(x1, X2, X3) =
0 = texp(C) for n = 3, proving (4),(5) in the tame case.

If C is wild, it must be of unitary type since ec/r = 1, and Thm. 9.13 combined with
Prop. 11.2 implies C = Cay(B,u), B an associative composition division algebra over F with
epr =1, u=1-n98,d € Zeven, 0 <d < 2texp(B), B € 0, 5 ¢ B2. In particular, taking into
account 11.1, we are in the situation of Prop. 9.7. Applying Cor. 11.8, we find an element u € o7
such that Ag(u — u*) = texp(B). Hence (9.7.2),(9.7.3),(9.7.6) and (6) yield

heom(U, ) = Ac ([, E]) = dc() — Ac(E) = Ac(n* [u, j1)
o d_ _d
=Ag(u—u’)— 5= texp(B) 7= texp(C).
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Thus (4) holds for x; = u, x, = E, and we have established (1) in Case 1.
If n = 3 (C still assumed to be wild), Case 1 applies to B, so (4) yields elements u;,u; € B
such that Acom (11, up) = texp(B). Hence (7) and (9.7.6) imply

hass (1, u2, Z1) = Ae(* [uy, u, JD — Ap(uy) — Ap(uz)

d d
= hcom(ula up) — E = teXP(B) - z = teXP(C),

giving (5) for x; = uy, x, = up, x3 = E, and settling Case 1 completely.

Case 2. ecjr = 2.

If C is of primary type, then w(C) = texp(C) by Thm. 12.3(a), and C = Cay(B, u) with B as
before and y a prime element in 0. Applying Thm. 9.13(a) and picking u € o} with texp(C) =
texp(B) = Ap(u — u*), we obtain

heom(u, ) = Ac([u, j1) = Ap(u) = Ac())
= Ac((u—u")j) = Ac(j) = Ap(u — u”) = texp(C),

and (4) holds for x; = u, x, = j. Moreover, for n = 3, Case 1 applies to B and yields u;,u, € B*
having heom (11, u2) = texp(B) = texp(C), allowing us to compute

hass(u1, uz, j) = Ac([u1, u2]j) — Ap(ur) — Ap(uz) — Ac(j)
= heom(ut1, U2) = teXP(C)

and completing the proof of (5) for x| = uy, x, = up, x3 = j.

Now suppose C is of unitary type. Then C is wild since ec/r = 2, and Thm. 12.3(b) shows
w(C) = texp(C) — % This time, Thm. 9.13 implies C = Cay(B, u) with B as before, u = 1 — 78,
de€Zodd, 0 <d < 2texp(B), 8 € 0%, so in view of 11.1 we are in the situation of Prop. 9.6.
Picking again an element u € o} with texp(B) = Ap(u — u*), we obtain

d-1 1
heom(u. 1) = Ac([u, 1)) = Ap(w) = Ac(AD) = Ac(r™ > [u, j) = 5
d-1 1 d-1 1
= de(u=u)j) === = 5 = Blu—u) = —= =5
d-1 1 1
= texp(B) - T - 5 = texp(C) - 5 = (A)(C),

and (4) holds for x; = u, x, = II. If, in addition, n = 3, then Case 1 applies to B, yielding
uy, uy € B* with heoy(uq, u) = texp(B). Hence

hass(uy, up, I1) = Ac([ug, uz, II]) — Ap(uy) — Ap(uz) — Ac(IT)
d—1 1
= Ac(n™ 7 [uy, uz, j1) — Ap(u1) — Ap(uz) — 3

d-1 1
= Ac([u1, u2lj) — —— — Ap(u1) — Ap(uz) — 3

2
- 1 d-1 1
= heom(uy, up) — T - E = texp(B) — T - 5
1
= teXp(C) — E = w(c) 0
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Part 111
Connections with K-theory

13. Introduction to Part II1

The goal of this part of the paper is to translate the results of Part II into the language of
Kato’s filtration on Milnor K-theory mod 2. Because it costs little extra, we will also give a
dictionary relating traditional valuation-theoretic terms on associative division algebras of prime
degree p with Milnor K-theory mod p.

For the remainder of the paper, we fix a field F of characteristic zero that has a Henselian
discrete valuation A and residue field F of prime characteristic p. We assume that F contains a
primitive p-th root of unity £ and set

)
=P
This is an integer divisible by p because A(p)/(p — 1) = A({ — 1), see, e.g., [11,4.1.2(1)].

Recall that the Milnor K-ring of F, denoted KM(F), is the tensor algebra (over Z) of the
abelian group F* modulo the “Steinberg relation” a® (1 —a) =0forae F,a # 0, 1.

One writes {aj, .. ., a,} for the image of @, ®- - -®a, in K} (F). We put k,(F) for K} (F)/p, and
we abuse notation by writing {ay, . .., a,} also for the image of that element in k,(F); such a class
in k,(F) is called a symbol. See, e.g., [20] for basic properties. Kato, Bloch, and Gabber proved
that k,(F) is isomorphic to Hq(F,uﬁq) via the “Galois symbol”, which sends {ay,...,qa,} =
(a1) - (a2) - - - (a); this identifies nonzero symbols in k,(F) with nonzero symbols in HI(F, u?q).
We are mainly interested in the following cases:

(8) g =1: ki(F) and H'(F, Hp) are naturally identified with F*/F>?. A nonzero element xF>?
defines a degree p extension F(y) such that y” = x.

9) g =2: HX(F, ,uf,’z) is identified (via &) with H>(F, u »)» 1.€., the p-torsion in the Brauer group of
F. We fix the identification with the Brauer group so that the nonzero symbol {x, y} in ky(F')

is sent to the associative central division F-algebra of dimension p? generated by elements
X, ¥ satisfying

x'=x, Y=y, and xy ={yy.

(10) p = 2: In this case, there is a bijection between symbols in k,(F) and g-Pfister (quadratic)
forms given by sending {ay,...,a,} to {ai,...,a,). For g < 3, we can of course further
identify anisotropic g-Pfister forms with composition algebras of dimension 29.

For a nonzero symbol y € k,(F) from cases (8) or (9), write D for the corresponding division
F-algebra. As the valuation A is Henselian, it extends to a discrete valuation Ap on D via the usual
formula Ap(x) := A(Npuyr(x))/[F(x) : F], cf. (7.14.1). The definition of residue division algebra
D, ramification index ep/r, etc., is the same as for quaternion algebras, and the fundamental
relation of Prop. 7.13 holds, see [54, p. 393] for references.

Below, we will recall the filtration on k,(F’) and define invariants e, (= 1 or p) and depth(y)
for a symbol y € k,(F) in terms of K-theory. We will prove K-theoretic analogues of the Local
Norm Theorem 8.10 (§15), the Normal Form Theorems 11.11 and 11.12 (§16), and Theorem 9.9
(§18). These proofs use the background results on quadratic forms over Henselian fields from §7
but not the deeper results from the rest of Part II.
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In the final sections of the paper (§§19-22) we give a dictionary for properties of symbols in
kq(F) in the cases g = 1, g = 2, or p = 2. The proofs in the case p = 2 rely heavily on the full
strength of the results in Part II.

14. The filtration on K-theory

We now recall the Kato filtration on Milnor K-theory over F, together with the isomorphisms
of the graded components with various modules of differential forms, etc., over F.

14.1. Filtration and depth

Write o for the valuation ring on F and p for its maximal ideal. One can filter o as
O\{0) = Up2 Uy 2Us 2+

where U; := 1+ p fori > 1.
For g > 1, setting Uikq(F ) to be additively generated by elements {u} - k,_((F) for u € U;
defines a filtration
ky(F) = U’k (F) 2 U'k(F)2 -+

For i > m, U; consists of p-th powers [11, 4.1.2(ii)], so Uikq(F) is zero.

The depth of y € ky(F) is the supremum of {i | y € U ikq(F )}. The only element of depth
> m is zero, which has depth co. The filtration is compatible with the product in the sense that
Uk (F) - Ulky(F) € U*k..(F) by [11, 4.1.1b]. Said differently, for elements @ € k.(F) and
B € ky(F), we have

depth(@) + depth(8) < depth(e - B); (D

this inequality can be strict, see Example 20.3.

14.2. Kato isomorphisms

For nonzero y € k,(F) with ¢ > 1 of depth d, we consider the (nonzero) image of vy in
gr? ky(F) := Ulky(F)] U k,(F); this is the initial form of y. The results of Kato, et al, include
specific isomorphisms:

ky(F) @ kg1 (F) ifd=0;

Qa1 if 0 < d < m and p does not divide d;
grd kq(F) = Qa1 Qa2 . P ..

ZT ® 2 if 0 < d < m and p divides d,

H'(F,v(g-1)®H'(F,v(g-2)) ifd=m.

Here Q! denotes the F-vector space of derivations F — F, Q7 := AQ! forg > 1, Q° = F and
Q' = {0}). The subspace Z9 is the kernel of the differential Q7 — Q1 je., Z4 is the subspace
of exact forms. The groups v(g) are defined in terms of the Cartier operator [11, pp. 4,5]; they
are chosen so that H'(F,v(q — 1)) in characteristic p plays the role of the Galois cohomology
group HI(K, uﬁ(‘rl)) for K of characteristic # p.
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We refer to these isomorphisms as the “Kato isomorphisms”. Fix a uniformizer 7 for A and
write a; and b for elements of 0*. The isomorphisms are:

d \ map ‘
d:O {al’a29""aq}H({al""76_1(]}50)
{ﬂ’a]?"”aq—]}H(()?{_l’ "’aqtl})
p does not divide d (1+brar,... . ag1)b% A A T
9
p divides d (1+brdar,....au B2 A A S 0)
andd # 0,m {1+ brd,a, .. ag 20,68 A A T2y
1 _ dg-2
d=m (1+b = DPar, ... ag > BE A A ‘Z‘:'_,O)
L+ b( = DP,ar,. .., ay 20,58 Ao A Le2y
1 dg-2

The description of gr” ky(F) is a result of Bass-Tate that holds without restriction on the char-

acteristic of F. For depth m, of course (£ — 1)” has value m, and in case p = 2 the expression
& -1)7Pis4.

14.3. Differentials and p-bases
We mention for later reference a useful fact about kq(f) for g > 1. As with any field, there is
a group homomorphism Ké‘” (F) — Q4 defined by {xi, ..., X4} ‘% A A iﬁ (one checks the
q

Steinberg relation). But F has characteristic p, so this homomorphism induces a homomorphism
¥ ky(F) — Q4. Moreover, ¥ is injective by [5, 2.1] or [20, 9.7.1]. In summary, we have: for

—=x . .
Xi,..., Xy € F', the following are equivalent:

(i) The symbol {x1,...,x,} is zero in kq(F).
(i) dx; A --- Adxy is zero in Q4.
(iii) The elements <[x1, ..., /X, are not p-free over F.

The equivalence of (ii) and (iii) is [7, §V.13.2, Th. 1]. For further statements along these lines,
see e.g. [21, 8.1].

Given y, xi,...,x, € fx with dx; A --- A dx, # 0in Q9, the preceding equivalence implies
that ydx; A --- Adx, = 0in Q?/Z9 if and only if y is a p-th power in f(»(]x_, e XXg)-

15. The Local Norm Theorem 8.10 revisited

We now prove an analogue of the Local Norm Theorem 8.10. We continue the notation of
§13, and focus on a nonzero symbol y € k,(F) where ¢ = 1, g = 2, or p = 2. The symbol y
corresponds to a Galois field extension of F of degree p, a (central) associative division algebra
of dimension p? over F, or a g-Pfister quadratic form over F. Write V for the underlying vec-
tor space, which has dimension p?. In each case, there is a canonical choice of homogeneous
polynomial f: V — F of degree p and representing 1: the norm, the reduced norm, or the
quadratic form itself. Further, the valuation A extends to a valuation Ay on V via the formula
Ay(v) := A(f(v))/p, and we write o, for the set of v € V with value zero.

For a given a € 0%, we ask: How close is f to representing a? Imitating the definition in 8.8,
we put

nexp, (@) := sup {/l(a - fw)|ve oﬁ}.
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It is obviously equivalent to define nexp, (a) to be the supremum of all d > 0 such that there exist
B €oandv e oy such thata = (1 — B) f(v).

15.1 Example. As f represents 1,
depth{a} < nexp,(a) (a€ 0%).

Moreover, we have equality in case p = 2 and ¢ = 0 (so necessarily f is the quadratic form (1)
andy = 1 € Z/27 = ko(F)).

15.2 Local Norm Theorem. Suppose p =2 or1 < g < 2. For a € 0* and a symbol y € k,(F),
we have:
nexpy(a) + depth y < depth({a} - y). (D)

Furthermore, the following are equivalent:

@ {a}-y=0.

(i) a € f(V).
(ii1) nexpy(a) > m — depthy.

@iv) nexpy(a) = o0,

The number m was defined in §13 to be p A(p)/(p — 1). Note that the inequality (15.2.1)
apparently strengthens (14.1.1) by Example 15.1.

Proof. (i) and (ii) are known to be equivalent: for g = 1, it is [20, 4.7.5] and for p = 2 it
is Prop. 7.5. For ¢ = 2, the implication (ii) = (i) is elementary and the converse is due to
Merkurjev-Suslin [35, 12.2].

Assume (ii), i.e., f(v) = a for some v € V. Then Ay(v) = A(a)/p = 0,s0v € o‘x, and (iv) is
obvious, hence also (iii).

We now prove equation (1). Suppose a = (1 — nB) f(v) for some d > 0,3 € oand v € 0}.
Then

lah -y = (/- y + {1 =2B) - y.

But the first term on the right side is zero by the equivalence of (i),(ii) already established. Hence
depth({a} - y) = depth({1 — 798} - y) > d + depthy,

and we have proved (1).
Finally, suppose (iii). By (1), the symbol {a} - v has depth > m, hence the symbol is zero,
proving (i). O

In order to compare this result with the Local Norm Theorem 8.10, we must relate w with
depth; for the purposes of this discussion, let us focus on the case p = 2 and put w(y) := m —
(depthy)/2. (This agrees with the definition of w for composition algebras in case additionally
g = 2 or 3 by Cor. 19.3(ii) below.) Translating Equation 15.2.1 into this notation gives:

nexp, (a) < 2w(y) — 2w({a} - y).
That is, Theorem 15.2 sharpens Theorem 8.10.

15.3 Remark. If every finite extension of F' has dimension a power of p (“F is p-special”) for
some prime p, then Theorem 15.2 holds for that prime p and all g > 1 if one adjusts slightly the
statement of (ii). The adjusted statement should be in terms of a norm variety for y as is obvious
from [49, Prop. 2.4]; we leave the details to the reader. The paper [49] also provides the proof of
the equivalence of (i) and the adjusted form of (ii).
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16. Gathering the depth

We maintain the notation of §13. Recall that Uqu(F ) is generated as an abelian group by
Uy - kg1 (F). In this section, we prove that a symbol in v kq(F') can be written as {u} - & where
u € Uy and « is a symbol in k,_;(F) (and not just as a sum of such things). More precisely, we
have:

16.1 Gathering Lemma. For every nonzero symbol y € k,(F) with q > 2, there is a u € 0™ and
a symbol a € k,_|(F) such that y = {u} - a, depth{u} = depthvy, and deptha = 0. The symbol a
may be chosen to be {as, . ..,a,} with 0 < A(az) < p and A(a;) = 0 for 3 <i < q. If depthy is not
divisible by p, we may further arrange that A(ay) has any pre-assigned value j =0,...,p— 1 as
desired.

One should compare this lemma in the case p = 2 and ¢ = 2,3 with the Normal Form
Theorems 11.11 and 11.12. Heuristically speaking, here we “gather the depth in the first slot” u.
The Normal Form Theorems (in view of Th. 19.2 below and with u replaced by L) do the same,
except when C is of unitary type, where they take depth L = depth C — 1.

We first amass some preliminary results; the proof of the Gathering Lemma will come at
the end of the section. We use only background material on K-theory including the material
summarized in §14; we don’t use anything else from this paper.

16.2 Notation. We write O(rr’) for an unspecified element (possibly zero) of o divisible by .
We have the trivial but useful observation:

u+ 0@y =u(l +0(’))  forueo*andj>0.
Indeed, for b € 0, we have: u + bn/ = u (1 + (u"b)nj).

16.3 Example (cf. [5, p. 122]). Suppose that y € 0 has y = ¢” for some ¢ € 0 and fix 0 < 5 <
A(p)/(p — 1) such that 1 + yx”* € 0*. Then

L4y =1+ P + 0@ ) = (1 + en®)’ + O(”*)

where the second equality is because

A(7(?)) 2 is+ A(p) > is+ (p—1)s 2 ps for 1 <i< p. (1)
As 1 + yn”¥ is a unit, so is (1 + cn®)?, and 16.2 gives that 1 + yn”* = (1 + cn®)? (1 + O(n?s*1y),
hence {1 + yn?*} = {1 + O(x"**)} in k;(F). Noting that the hypotheses on y obviously depend
only on y (or applying 16.2 once more), we find:

{1+ yn™ + 0@ty = (1 + O} in ky(F).
164 Lemma. Leta,b€o0,i>0, j> 1 with 1 + ar’ € 0X. Then in kq(F) we have:
{1+an', 1+ bn'}) = {1+ cn'™, dn'"~")

for some nonzero c,d € o. Further, if a,b € 0%, then also ¢,d € o*.
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Proof. The computations in the proof of [11, 4.1.1b] or [5, p. 122] yield:

A . b A .
{1+an',1+br'} = —{1 + 7 fan[n’”,—aﬂ’(l +b7T])} € ky(F).
As —1 = p—1in ko(F), we have:
. . b L \p=1 .
{1+an',1+bn'} = {1 + %ﬂ’”, (—a(l + bﬂj))p ln’(‘"”}. O
an

16.5 Lemma. Suppose that {1 + bn”*,as, ..., a,} satisfies dbAada; Adaz A--- A da, = 0in Q4,
withb,1 +br?,ay,...,a; € 0* and 0 < s < A(p)/(p — 1). Then {1 + bn?*,a,, ..., a4} is equal to
{,a,,... ,a;}for some U, a; € 0™ where depth{u’} > ps.

Proof. We may assume that db is not zero—i.e., that b is not a p-th power—by Example 16.3.
This settles the g = 1 case.

Suppose g > 2 and {ao, ..., d,} is zero in kq_l(f), soda; A -+ Adag, = 0 by 14.3. We apply
the g — 1 case of the lemma withu = g, and s = 0 (sou = a;, = 1 + ¢ with ¢ = a, — 1, hence

dc = day) to see that {a, ..., a,} = {a),...,a,} where depth{a,} is positive. Then Lemma 16.4
gives the claim.
So we may assume that {a, ..., a,} is not zero. Write [i] for a (g — 1)-tuple (ia, ..., iy) with

0 <i; < pandputal fora?al ---a; € F. By 14.3 there are cy; € o such that

_ —\P .
b= (Z A é[i]Vzﬂ'l) =y aha,
(i1 Iyl

If it happens that ¢;;; = O for all nonzero [i], then b is a p-th power in F and we are done. We
now show, roughly speaking, that we can make ¢[; zero for all nonzero [i].
More precisely, fix a nonzero [i] with ¢; nonzero; choose a specific jy such that i;, # 0. Take

E/F to be the extension obtained by adjoining a p-th root & of alj’;’ [1j4j,(—a J-)if ; _obviously ais
integral. Take v := cja. As ¢ is not zero, the residue of v does not belong to F, hence vr’ is

not in F and so has minimal polynomial x” — (cjan®)? in F[x]. By degree count, this is also the
characteristic polynomial chpoly, ,.(x) of va* as an element of the F-algebra E. It follows that

Ngp(1 —va') = chpoly,.(1) = 1 + (=1)’Ng/p(v)n?”. (1)

Next observe that E kills y := {ay, ..., a,}: we renumber the a;’s so that j, = 2. We have:
' q
. i . .
by ={d},as,....a) = Y (p=ipl-aj,as,....a, =0 inky1(E),
j=3

where the middle equality is because « is in E. As i, is not divisible by p, we deduce that y is
zero in k,_1(E), as required.
Now the projection formula [20, 7.2.7] gives:

0= Ng/r({1 —vr'}-y) = {Ng/p(l —va')} -y
in k,(F). Combining this with (1), we find:
{1+baP} -y = {1+ (b + (=1’ Ngr(W)nP* + O(aP**)} - y.

But the residue of Ngr(v) is 7 = ¢f,al'l. In this way, we have replaced b with a new one that
has fewer nonzero coeflicients ¢j;;. Repeating this process completes the proof. O
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Proof of the Gathering Lemma 16.1. First, consider a symbol {x,y} € ky(F). Suppose that nei-
ther A(x) nor A(y) are divisible by p. Then there is some s such that A(x) = sA(y) (mod p) and
{x,y} = {x(=y)~%, y} because {—y,y} is zero in kr(F). As A(x(—y)™*) = A(x) — sA(y), we may
assume that x has value 0.

Second, we may shuffle the entries in a symbol {xy,...,x,} by a permutation . We have
{xl, s Xg—1s xq} = {XO-(1), <o Xo(g-1)s xf(';;r}

Combining the two preceding paragraphs shows that we may write y = {u} - a for @ =
{az,... a4} with u,a; € o* for 3 < i < g. Amongst all such ways of writing vy, fix one with
depth{u} maximal. For sake of contradiction, suppose that d := depth{u} < depthy < m. Put
r=2if A(a) =0and r =3if 0 < A(ap) < p.

We now inspect the Kato isomorphism at depth d. By hypothesis, v is zero in gr? ky(F), so
has zero image. If d = 0, then {@,a,, ..., 4,4} is zero in k.(F), hence d(i — Iz Ada, A--- Aday
is zero by 14.3. Lemma 16.5 gives a contradiction. The case where d = ps for some 0 < s =
d/p < (depthy)/p < A(p)/(p — 1) is similar.

Finally we suppose d is not divisible by p. We claim that A(a,) may be freely chosen. Indeed,
for j € Z, A(ay) — j = sd (mod p) for some s > 0. Writing u = 1 + br for b € 0*, we have:

(1 +b7% a2} = {1 + bn?, ax) — s{1 + br?, —=br?} = {1 + bn?, ar(=b) 7%},

where A(ax(—b)~*7*¢) = j (mod p), proving the claim. The hypothesis that {u} - & has depth
greater than d implies that da, A - - - Add is zero, and applying Lemma 16.5 to @ with s = 0 shows
that we may assume that one of the g; has residue 1; Lemma 16.4 gives a contradiction. O

16.6 Remark. We can quickly deduce a useful restatement of the Gathering Lemma. Fix some
r > 1 and a permutation o of {2, ..., g} and put

Bi={u,a50),...,05x} and 0 :={azs1), Ar(r42)s - - - » Qo))
Because of the identity {x, y} = —{y, x} in K}/ (F), we find:
y==+8-9, depthf =depthy, and depthd =0.

Indeed, for the second and third equalities, > is obvious and < follows from the first equality and
equation (14.1.1). We will apply this in the case p = 2, so the sign in the first equation will be
irrelevant.

17. Ramification index for symbols
17.1 Definition. For a class y € k,(F), we put e, = p if
e depth(y) is not divisible by p, or

e depth(y) is divisible by p and its initial form has nonzero projection in the second summand
of grd k4(F). (Note that this condition does not depend on the choice of uniformizer 7.)

Otherwise—or if y = 0—we put e, = 1.

The “ramification index” e, is more subtle than in the case of good residue characteristic, see
Example 20.3 below. But we do have the following positive results:
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17.2 Proposition. Let y € k,(F), q > 2, be a non-zero symbol. Then there exist a symbol
B € ky1(F) and an element a € F* such that y = 8 - {a}, eg = 1 and one of the following holds.

(1) depthB = 0, depth{a} = depthy, a € 0> and
e, = 1 & depthy = 0 mod p.
(ii) depthB = depthy, 0 < A(a) < p and e, = p.

Proof. Write vy as in the Gathering Lemma 16.1, where we may assume a;,...,q,-1 € 0%,0 <
Alay) < p. If A(a,) = 0, then the Kato isomorphism at depth zero shows e, = 1, so with
B := a and a = u*' we are in Case (i) since the Kato isomorphism at depth d := depthy gives
e, = 1 iff d is divisible by p. Now suppose A(a,) > 0; by the final statement of the Gathering
Lemma, we may also assume d = 0 mod p. Arguing as before, in particular consulting the Kato
isomorphisms again for the determination of e,, 8 := {u,as, ..., a, 1} has depth d and eg = 1, so
we are in Case (i1). L]

17.3 Proposition. For a symbol y € k,(F) for q > 2, the following are equivalent:

(i) y = B - {a} for a nonzero symbol 8 € ky_1(F) with eg = 1 and a € F* of value not divisible
by p.
(ii) e, = p and depthy is divisible by p.

If these conditions hold, then additionally depthy = depthS.

Proof. The proof amounts to looking at the explicit formulas for the Kato isomorphisms.

(i) = (ii): The Kato isomorphisms send 3 to a nonzero symbol S (in some cohomology group

over F), because ez = 1. We have depth(y) > depth(f) by (14.1.1), and an examination of the
isomorphisms show that the isomorphism at the depth of 8 (divisible by p) sends 3 - {a} to A(a)B
in the second component of the image, which is not zero because all of the targets of the Kato
isomorphisms are abelian groups killed by p; that is, e, = p and depthy = depth .

(i) = (i): By (ii), alternative (i) of Prop. 17.2 does not hold. Hence alternative (ii) does. O

18. Theorem 9.9 revisited

We will now prove a version of Theorem 9.9 for K-theory mod-2 when F has characteristic
2; in the notation of §14 we restrict to the case p = 2. We replace the anisotropic round quadratic
form P with epr = 1 from Th. 9.9 with a nonzero symbol y € k,(F) withg > 1 and e, = 1 (in
particular, depthy is even). We replace the hypothesis on texp with the hypothesis depth{u} +
depthy = m (recall that m = 24(2)), the largest possible depth for a nonzero element of k,(F).
The extreme cases where depthy is 0 or m are comparatively easy, so we focus on the middle
case. We will use the following:
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18.1. Technique
If one has a nonzero class b%2 A -+ A % ¢ i-1/79-!, we may apply d and obtain the
2 ~ Ag . _
nonzero symbol xq := db A % ARERWA daﬁ in Q9. The F-span of this symbol contains x := b~ ! x,
q

which lies in v(¢). Indeed, it is the unique nonzero element of Fx, with this property, because
v(q) is defined to be ker(y — 1) for y the inverse Cartier operator [11, pp. 123, 124] and for c € F
we have (y — 1)(cx) = (¢* — ¢)x € Q4. A canonical isomorphism identifies x with the class of the
anisotropic symmetric bilinear form B = (b, @, . . ., a,) in the graded Witt ring [27], hence with
Bitself [16, 6.20]. The equivalence from Prop. 3.3 takes B and gives an extension K/F of degree
24 with a unital linear form s: K — F.

Let y € k,(F) be a nonzero symbol of even depth d # 0, m and suppose that e, = 1. Then the
initial form of y is a nonzero symbol in Q4~!/Z4~! and the technique in the preceding paragraph
gives a (K, s) derived from 7.

18.2 Proposition. Lety € k,(F) be a nonzero symbol of even depth d # 0, m with e, = 1. Write
(K, s) as in 18.1, and write y = {1 + xn} - & with x € 0* as in the Gathering Lemma 16.1. For
w=1-=ba"withb € 0%, we have: {u}-y =0 in kq+1(F) if and only if the residue of xbn™ [4 is
in the image of Pk.s.

Proof. Write a = {ay, ...,a,)} for some as, ..., a, € 0*. Using Lemma 16.4, we calculate:
d d m—d bx m m—d
-1 +xn”} ={1 +xn°,1 = b} =41 = ——a", —x(1 = b ) ;.
1+ xnd

We see from this that the initial form of {u} - y is )‘CES‘% A d‘% Ao A i‘;ﬂ where we have set

e = m"/4 to simplify the notation. This determines the class of the qiladratic Pfister form
(%, ay,...,a,, xbz] in the graded Witt group of quadratic forms [27]. The Arason-Pfister Haupt-
satz [16, 23.7(1)] implies that this class is zero (equivalently, {u} - y is zero) if and only if the
Pfister form is isotropic, if and only if ¥bZ is in the image of gk, by Cor. 3.10(a), proving the
claim. O

19. Dictionary between K-theory and algebras and quadratic forms

In the cases ¢ = 1, ¢ = 2, or p = 2, we have a close relationship between properties of sym-
bols in k,(F) relative to Kato’s filtration and valuation-theoretic properties on the corresponding
algebras. Specifically:

19.1 Proposition. In cases g = 1 and q = 2 we have:

(1) ey = eD/p.
(ii) D is a separable division algebra over F and distinct from F (i.e., D is tame) if and only if
depth(y) = m.

That is, you can determine the ramification index ep,r of the valuation on D and whether or
not D is tame by examining the corresponding symbol in k,(F).

We prove the proposition in sections 20 and 21 below. The calculations appearing in the
proof of this result are similar to some in sections 1.1 and 2.1 of [53]. Roughly speaking, our
statements here differ from those in [53] by using the language of Kato’s filtration.

In contrast with Proposition 19.1, the following theorem relies heavily on the results of Part
IL. It is proved in §22.
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19.2 Theorem. Let p = 2. Fix a nonzero symbol y € k,(F) for some g > 1 and let Q be the
corresponding anisotropic q-Pfister form. Then:

(i) ey = egyr.
(ii) Q is nonsingular (i.e., Q is tame) if and only if depth(y) = 24(2).
(iii) texp(Q) = A(2) - | <22 |,

In the statement of the theorem, Q is a quadratic form, whereas the results in §§7-9 (including
the definition of tame and texp) are in terms of pointed quadratic spaces. This is harmless in view
of Prop. 7.3. The theorem leads to:

19.3 Corollary. Fix a division quaternion or octonion algebra C over F and write vy for the
corresponding symbol in k.(F). We have:

(i) C is of primary type if and only if e, = 2 and depth(y) is even. (Otherwise C is of unitary
type.)
(i) w(C) = A(2) - L2©

That is, one can read off properties of the composition algebra C—including the invariant
w(C) studied by Saltman and Tignol—from the properties of the corresponding symbol y in
Milnor K-theory. We prove Theorem 19.2 and Cor. 19.3 in §22.

19.4 Remark. It is natural to wonder if on can extend Prop. 19.1 to include the case p = ¢ =
3, where the corresponding algebraic objects are Albert (Jordan) algebras obtained from the
first Tits construction. The answer is no, because we do not know if two such Albert algebras
corresponding to the same symbol in k3 (F) are necessarily isomorphic. (This is a special case of
open problem #4 from [39].) If this is indeed the case, then one can easily extend Prop. 19.1 to
include the case p = ¢ = 3 by taking advantage of the valuation theoretic results in [42] and by
imitating the proof in the cases given below.

20. Proof of Proposition 19.1: case ¢ = 1

20.1 Example (¢ = 1 and nonzero depth divisible by p). Fix {x} € k;(F) of depth d divisible by
p, 50 x = 1 + un® for some u of value 0. As the “second summand” Q~'/Z~! or Hl(F, v(—1)) in
the Kato isomorphism is zero, ejy = 1.

The algebra D corresponding to {x} is F(y) where y” = x. For

a=ry-1) €D

we have

(@+ 7Py = g7dx = y 4+ 779,

P
Z (p) ig=p=ddlp _yy = 0. (1)
i

1

SO

-1
For 1 < i < p, the prime p divides (’;), )

_m-d)(p-D+di-1)
. :

1 ((Ii’>n-—(ﬂ—i)d/ﬂ) > A(p) - g(p ;Si)



Asi > 1andd < m, this is at least 0, hence a is integral. Further, the coefficient of ' in (1) has
residue zero for 2 < i < p in all cases and also for i = 1 if d < m. (Clearly, & is not zero, so
Aa) =0.)

Therefore, if d < m, D contains & satisfying @” — 2 = 0. As x has depth d, the Kato
isomorphism shows that @ is not a p-th power in F, and we conclude that D is the proper extension
F({/@) and ep,r = 1.

Incased =m,wesetn:={—1. As A(n) =m/p = A(p)/(p — 1), we have

x=1+bn? forb= e ox.
r]l’
We put 8 := 7 !(y — 1) and apply the same reasoning as in the case d < m with 7~%” replaced
with 7!, The element S satisfies

P
2 (f)ﬁin‘(”‘f> ~b=0. e)

i=1
Again, the coefficients of g are integral because
4 A i — 1
ﬁ((l-y)fi“")) > 2P - (p =L 4L 50 for1<i<p. )
i p—1 p—1
Taking residues of (2) kills the terms with 1 < i < p. For the i = 1 term, we note that expanding
the equation (1 +n)” = 1 gives 37| (1,-7)77i =0,s0 pp=-3", 7 and

)4
—(p-1) — o l-p _ _ P\ -0
prot=prr == (Fr

Taking residues and applying (3), only the i = p term is nonzero on the right side, so pn ~(=1) has
residue —1. Taking residues of (2), we find the equatlon B - ,8 b =01in D. The fact that x has
depth d asserts that the element b is nonzero in H'(F, v(0)) = F/o(F), i.e., B generates a proper
extension of F and we conclude that D/F is unramified. We have verified Proposition 19.1 for
v € ki (F) of nonzero depth divisible by p.

20.2 Remark. It might be illuminating to compare Example 20.1 in the case p = 2 with the
material in Part II. In case 0 < d < m = 24(2) = 2 texp(F'), we compare the example to Prop. 9.7
with P = F. The Kato isomorphism at depth d sends {x} to the image of & in F/F?, and we
conclude # ¢ F?, in agreement with Prop. 9.7. Moreover, identifying F(+/x) = Cay(F,x) =
F@® Fjand j = —y, we obtain that —a = = in the sense of (9.7.2); it is a normalized trace
generator.

The situation with d = 2A(2) is slightly more delicate; we compare the example to Thm 9.9
(resp. Cor. 10.18) for P (resp. C) = F. First of all, we have = -1, n = -2, 8 = , and

A(2) . .
wo = "5— € 0* is the unique normalized trace generator of F. Moreover, 5,, = 1z, forcmg

VFs, = 9o be the usual Artin-Schreier map on F. We have u = —3, uy = np(wo)u = B
in the sense of (9.9.1) and b = uy. The Kato isomorphism at depth m sends {x} to iy = By €
H'(F,v(0)) = F/p(F), forcing By ¢ Im(p) in agreement with the equivalence (iii) & (v) in
Thm. 9.9. Furthermore, by Cor. 10.18,

C = FIt)/(t* — t—iip) = F[t]/(t* — t — b) = F(\x),

in agreement with the second part of Example 20.1.
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Proof of Proposition 19.1 for ¢ = 1. Fix a nonzero {x} € k;(F) and write D = F(y) as in Exam-
ple 20.1.
Suppose first that x has depth 0; we may assume that 0 < A(x) < p. The Kato isomorphism

g k(F) S k(F)eky(F)=F /F ' ©Z/pZ

is the direct sum of the specialization map s, and the tame symbol 9, described concretely in, for
example, [20]. As d(x) = A(x) (mod p), we have ej,; = p if and only if A(x) is not zero. As to
the extension D/F, the element y satisfies y” — x = 0, hence is integral. If A(x) is not zero, then
X" is zero, hence y is zero, D =F,and ep/r = p. If A(x) is zero, then since x has depth 0, X is
not a p-th power in F and F() is a proper extension of F; in this case D = F(¥/X) and ep/r = 1.

Suppose that x has depth d not divisible by p; we may take x of the form 1 + ur¢ where u has
value 0. Then

Npjr(x = 1) = (=D (x = 1) = (=D 'un?,

so the value of y — 1 is not an integer_and ep/F =D = ey. _

Note that in both of these cases, D is not a proper separable extension of F. The remaining
case where d has nonzero depth divisible by p was treated in Example 20.1, which concludes the
proof. O

20.3 Example. Let F := F,((x)), Laurent series over the field with 2 elements. Construct a field
F of characteristic zero by taking the absolutely unramified Teichmiiller extension of F as in
Example 10.15 and adjoining V2. Then F has residue field F and V2 is a uniformizer. Consider
the elements @ = 1 + V22 and b = 1 +2u in F , Where u € F is a unit with residue x. The
symbols {a} and {b} have depth 3 and 2. The valuation A ramifies on F(+/a) and does not ramify
on F(Vb).

A reader familiar with the situation of good residue characteristic might assume that the
quaternion algebra (a, b) is division over F, but in fact it is split. This is easily seen because the
symbol {a, b} has depth at least 5 by (14.1.1), which is greater than 21(2).

21. Proof of Proposition 19.1: case g = 2

We now prove Proposition 19.1 and Theorem 19.2 in the case g = 2. We consider a nonzero
symbol {x, y} in k,(F) and write D for the corresponding symbol algebra.

21.1 Lemma. ep,r = p if and only if some subfield L of D has er;r = p.

Proof. Easy. If such an L exists, then there is some £ € L* such that A(Ny,r(£)) is not divisible by
p. But Ny, p(€) = Nrdp,r(£) by [12, p. 150]. This proves “if”. For “only if”, note that a nonzero
element of D generates a subfield L/F. O

Proof of Proposition 19.1 for g = 2. Suppose first that the depth d of {x, y} is not divisible by p
(30 ejxy) = p). By the Gathering Lemma 16.1 we can arrange that x is in U, and y € o* has
residue that is not a p-th power. As in the proof of the g = 1 case, er(,)r = p, hence ep;r = p
and the dimension of D/F is p. The residue field of F(y) is the proper extension F({ﬁ) of F,
and by dimension count it is all of D and D is wild. So we may assume that the depth of {x, y} is
divisible by p.

Suppose now that e(,; = p. By Prop. 17.3, we may assume that ey = 1 and y = un" for
some u € o and n not divisible by p, and depth{x, y} = depth{x}. On the one hand, D contains
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F() on which the valuation ramifies, so ep/r = p as claimed. On the other hand, D contains
F(y) whose residue algebra is a proper extension of F that is inseparable (if depth{x, y} < m) or
separable (if depth{x, y} = m) by Example 20.1; this proves the claim. We are left with the case
where the depth is divisible by p and ey, = 1.

If the depth of {x, y} is zero, then by the Kato isomorphisms {X, y} is not zero in kz(f) hence
X,y are p-free over F’. Asin the proof of the ¢ = 1 case, y and ¢ generate purely inseparable
extensions of F in D. The value of yy — yy = ({ — Dy is A — 1) = m/p > 0, so i and
commute in D. We deduce that D is F(V_ ), epyr =1, and D is wild.

If 0 < depth{x,y} < m, then we can choose x = 1 + aﬂ where d = depth{x y} so that the

initial form of {x,y} in Q!/Z' is ad—y As the depth is d, a— isnotin Z!, i.e., da A € is not 0. Tt

follows that dimff(‘%:z, {fy) = by 14.3. We claim that thls field is D. By d1men51on count, it
suffices to note that for « := ﬂ_d/ P(y — 1), we have

a’=a, yY"=y, and @y =va
The first equation is as in Example 20.1 and the second is obvious. The third follows because
ay —ya =1y — ) = 7P - D

But £ — 1 has value m/p > d/p, hence this commutator has positive value and @, ¥ commute.
This shows that ep;r = 1 and D is wild.

Finally suppose that the depth of {x,y} is m. Then we write x = 1 + bn? and 8 = 7' (y — 1)
as in Example 20.1; again 57 — B — b = 0. Further,

By =B =n"" 0 — vx) = v,

o)
B =B+ 1).

The elements LB and ¢ generate a division algebra of dimension p? over its center F [20, p. 36],

so it must be D. Therefore, ep,r = 1 and D is tame. O

22. Proofs of Theorem 19.2 and Corollary 19.3
The following proofs amount to translating results of §§8, 9 into K-theory.

Proof of Theorem 19.2. Tt suffices to establish (i) and (iii) since by Prop. 8.2(a) (iii) implies (ii).
Case q = 1: Suppose first that g = 1, i.e., ¥y = {u} for some u € F* and Q is the 1-Pfister ).

Put P := (1); it is wild because char F = 2 and texp P = A(2) by Example 8.7. We may assume
that g has value O or 1. If 4 has value 1, then depthy = 0, e, = 2, and the theorem holds by
Prop. 9.2.3. If y has value 0 and /2 is a nonsquare in F, then depthy = 0, e, = 1, and the theorem
holds by Prop. 9.7.6.

Otherwise i is a square in F, so multiplying by a square in F we may assume that i = 1.
If depthy < 2A(2), then (i) and (iii) hold by Prop. 9.6.5 or Prop. 9.7.6.

Finally suppose that depthy = 24(2). The symbol y corresponds to the quadratic extension
F(+/p) and the residue algebra of this extension was computed in Example 20.1; this verifies (i)
and that Q is tame (hence (ii)). Then texp Q = 0 by Prop. 8.2(d), proving (iii).
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Case g > 2: We argue by induction on g and decompose vy as in Prop. 17.2 (with p = 2).
Writing P (resp. Q) for the Pfister quadratic form corresponding to S (resp. y), we conclude
Q = {a) ® P and put d := depthy. Then ep/r = 1 and texp(P) = A(2) — (depth8)/2 by

the induction hypothesis. If alternative (ii) of Prop. 17.2 holds, then (9.2.3) shows e, = 2 =

eg/r and texp(Q) = texp(P) = A(2) - [%’J since depthy = depthf is even. Now suppose

alternative (i) of Prop. 17.2 holds. Since 8 has depth zero and ramification index 1, we can write
B=Hai,...,a41}, a; € 0%, 1 <i < q. Ifd=22), then e, = | and (a)) is a tame 1-Pfister
quadratic subspace of Q = {a,ay,...,a,-1) with eg,y,r = 1. Applying Prop. 9.3 g — 1 times
yields eg;r = 1 = e, and that Q is tame as well, forcing texp(Q) = 0 = A(2) — [d/2]. We are left
with the case 0 < d < 24(2). Assertions (i) and (iii) follow by combining the effect of the Kato
isomorphism at depth d on y with 14.3 and (9.6.5) (for d odd) or with (9.7.6) and Cor. 9.10(a)

(for d even). O]

Proof of Corollary 19.3. We now prove Corollary 19.3. Claim (i) amounts to reformulating
Proposition 17.3. For (ii), one combines Theorem 19.2(iii) relating depthy with texp C with
the relation between texp C and w(C) demonstrated in the proof of Theorem 12.11. O
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in terms of K-theory, 69
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norm exponent (nexp), 36, 68
normal form theorem, 57
analogue in K-theory, 70

pointed quadratic space, 28

conjugtion, 28

norm, 28

pointed quadratic residue space, 31

prime element, 31

ramification index, 31

residue degree, 32

tame, 33

trace, 28

trace exponent, 33

trace ideal, 33

unit, 31

unit element, 28

valuation data, 31

wild, 33

purely inseparable field structure, 41

primary type, 59

quadratic defect, 37
quadratic form, nonsingular, 5

ramfication, relationship between K-theory and val-
uations, 74

Saltman’s level Aqo, (= w), 63
standard type, scalar of, 44

tame pointed quadratic space, 33
Tignol’s invariant w, 34

in terms of K-theory, 74
trace exponent (texp), 33

in terms of K-theory, 74
trace generator, 34

normalized, 34

regular, 35

unital linear form, 13
unitary type, 59

wild pointed quadratic space, 33



