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INTRODUCTION

Let J be the split exceptional Jordan algebra over the field § of characteristic # 2, 3.
That is, we shall regard J as the set of 3 by 3 matrices

ap a2 a13
a= (a2 a2 az|,
a3 Q23 O3
where o; € §, and where a;;, 1 < i < j < 3, are elements of the split Cayley algebra €
based on §. Composition in J is defined by aeb = ab+ba, the product ab denoting ordinary
multiplication of matrices with entries in €. Addition and multiplication by scalars are
defined in obvious fashion. For the sake of concreteness, we take € to be the algebra of 2
by 2 matrices
o a 3
<b ﬂ) a75€‘3’ a7b€%?

with involution ¢ — ¢ sending

a a . 8 —a
(b B) into (_b a>7
and with product

a a\ (v c\ _ ay + (a,d) ac+da— (bAd)
(b 5) (d 6>_<7b—|—ﬁd—|—(a/\c) B6 + (b, c) )
where a A ¢ and (a, c) denote respectively the customary vector and scalar products in §°.
Then J carries a symmetric bilinear form (a,b) = Tr(a e b), and a symmetric trilinear
form (a, b, c) = Tr((aeb)ec)—Tr(a)(b,c)—Tr(d)(a, c)—Tr(c)(a, b)+2 Tr(a) Tr(b) Tr(c)
(see [8]). The form (a, b) is non-singular on J. Thus if a and b are elements of J, there is
a unique element a x b in J satisfying (a x b, ¢) = (a, b, c¢) for all ¢ € J. In fact, one has

axb=aeb—Tr(a)b—Tr(b)a+ (Tr(a) Tr(b) — 3(a,b))],
where [ is the identity matrix diag{1, 1,1} in J (thus 2711 is the identity of J). Clearly

axb=bxa.
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2 GEORGE B. SELIGMAN

Let ¥ be the space of all 2 by 2 matrices of the form

a a
2= 5)
a, B € 3§, a,b €y, and define a quartic form ¢ on U by

(M q(A) = (axabxb)—2(a,aa)a— 2(bbb)s -2 (4(a,b) - af)’.
Polarization yields the following 4-linear form, for which (A, A, A, A) = 24q(A); let

Ai—<(g% g) 1<i<4

then'
(A1, As, Ag, Ay) = 42;;((117, X A, bar X byr) — 4oy (ag, as, ay)
—das(ar,as,aq) — 4das(ay, as, aq) — dag(ar, az, as)
) — 4B1(b2, b3, bs) — 4P2(b1, b3, bs) — 4P3(b1, b2, bs)
- 454(517 b, b3) - Z;(alm b37‘r)(a27r7 b47‘r)
+ 23 a1xBon(A3m, bax) — 837 1rQ2r B3x Bars
/

where ) indicates that the sum is to be taken over all permutations 7 of (1,2,3,4), >
that only those twelve permutations 7 with 17 < 27 are to be taken, and Z; that only
those six permutations 7 with 17 < 27 and 37 < 47 are to be taken.

Now let £ be the set of all linear transformations 7" of U such that (A, A, A, AT) =0
for all A € %5, or, equivalently, such that

(A1T7 AQ, AS; A4) + (Ala AQTa A37A4) + (A17A27A3T7 A4) + (A17A27A37 A4T) - O

for all A; € 0. Then £ is a Lie algebra of linear transformations of 20, and is closed under
p-th powers if § is of prime characteristic p; hence £ is a restricted Lie algebra in the latter
case [7].

The Lie algebra £ is adapted, for the case of a general field -§, from a complex Lie alge-
bra providing a realization of the 133-dimensional simple Lie algebra E; as an irreducible
Lie algebra of linear transformations in a space of minimal dimension, namely 56. This
realization of E has been described by Freudenthal [2]. We propose to show here that the
Lie algebra £ defined above is a realization of the unique simple Lie algebra of classical
type E7 over §, in the sense of [5], and to apply general techniques [6]-[9] to the study of
its automorphism group.

1. THE FREUDENTHAL RESOLUTION

It will be recalled [8] that there is a realization of the simple Lie algebra of classical
type Eg over § as the set of linear transformations 7" of J such that (a7, a,a) = 0 for all
a € J; we call this algebra €g(J). There is also an “outer” automorphism of &g (J) given
by T +— —T™*, where T is the adjoint of T" with respect to the bilinear form (a, b) on J.
Now &g(J) may be regarded as a subalgebra of £ via the mapping sending 7' € &4(J)
onto the mapping which sends

_(a a . 0 al'\ .,
A_<b ﬁ) into (—bT* O)—A.

1Typist ’s note: Seligman writes the permutation 7 as acting on the right.
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This mapping of €g(J) into £ is clearly one-one, linear, and preserves the Lie product. To
see that A — A’ isin £, we have

(A", A, A A) =12(aT x a,b x b) —12(a x a,bT* x b) — 12a(aT, a,a)

+128(bT*,b,b) — 6(aT,b)(a,b) + 6(a,bT™)(a,d)

+ 12a8(aT,b) — 12a8(a, bT™).
Since (aT,a,a) = 0= (bT*,b,b) and (a1, b) = (a, bT™), the above reduces to 12[(aT x
a,b x b) — (a x a,bT* x b)]; that is, we have (A’, A, A, A) = 12[(aT,a,b x b) — (a x
a,bT™*,b)]. By the skewness of T', T* with respect to the (symmetric) trilinear form, this is

—6[(a,a, (b xb)T) — ((a x a)T*,b,b)]
=6[((a x a)T*,bxb) — (a x a,(bxb)T*)] =0.

Thus A — A’ is in £, and these mappings, formed for all T' € €g(J), form a 78-
dimensional subalgebra of £ isomorphic to €g(J).

Let] = (}9) eV, T € L, and IT = (3 3) €Y. Then from 0 = (I,I,1,IT) =
—24(« + ) we have 8 = —a. Define a linear transformation S of 2 by

& [ at :1,’049:)
(y n)s_ (M 507) ae

Then I(T — S) has the form
0 ¢
d 0)°

One sees at once from (2) that S € £, using only the bilinearity of a x b and the multilinear-
ity of the forms involved. Upon replacing T'by T'— S € £, we may assume [T = I(T—S)
as above.

Now let P(c) be the mapping of U sending

(o a) . Lb,e) Be
A_<b ﬁ)‘“t°<2&xa o)’

Q) (d) the mapping sending A into
( 0 dxb )
ad i(a,d))’

where ¢ and d are as above. Then each of these mappings is in £, and subtracting their
sum from T gives a reduction to the case IT = 0. To establish that P(c) and Q(d) are in
£ involves a rather long calculation, which reduces to the following identity:

3) 6(x x z,y X (z x x)) = (y,2)(z,z,2) + 3(y, ) (2, x, x).
For once (3) is shown, let A € U be as above; then
(A, A, A, AP(c)) =12(a X a,b x (¢ x a)) + 128(b x b,a X ¢)

—12a8(a, a,c) — 2(b,c)(a,a,a) — 128(b,b,c X a)
—6(a,b)(a,c x a) —65(a,b)(c,b) + 1205(a, c x a)
+ 12a82(b, ¢) + 683(b, c)(a,b) — 1232 (b, c)

=12(a x a,b x (¢ x a)) — 2(b, ¢)(a, a,a) — 6(a,b)(a,c x a)

=2(6(a x a,b x (¢ x a)) — (b,c)(a,a,a) — 3(a,b)(a,c,a)),
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which is zero by (3). A similar calculation shows that (3) implies that each Q(d) € £. We
defer the proof of (3) to the next section.
Now suppose that T is in £, and that I'T" = 0. Let

1 0 a a
et O)em wr=(3 9.
Then from 3(IT,I,1,H)+ (I,I,I,HT)=0=(1,1,1I,HT), wehave —24(a+ ) =0,
ora+ 8 =0. From (H,H,H,HT) = 0, we find 24(a — ) = 0, or « = (. Thus
a=p=0.

Now if C' = (J§) € U, then CT = (¢C(§) J(IE )) where ¢ and 1) are linear func-
tions on J, and R, S are linear transformations of J, all of these being determined by 7.
Then 0 = 3(IT,I,I,C) + (I,I,I,CT) yields v»p = —¢; further, 0 = (IT,C,C,C) +
3(I,C,C,CT) gives 0 = (I,C,C,CT) = —4(c,c,cR), so that R € &4(J). Finally,
0= (C,C,C,CT) = —4¢(c)(c, ¢, ¢). Since both ¢(c) and (c, ¢, ¢) are defined by polyno-
mials in the coefficients of c relative to some basis for Jj, these polynomials being homo-
geneous of respective degrees 1 and 3, and since (¢, ¢, ¢) is not identically zero, it follows
that ¢(c) = 0 for all ¢ (F has at least 5 elements). Thus ¢ = 0 = 4; similarly, if

0 0 0 dU
D—(d 0>em,thenDT—<dW O)

where W € €g(J) depends only on 7', as does the transformation U of J.

With C' and HT as above, we have 0 = 3(HT, H, H,C)+ (H, H, H, CT'), from which
0= (HT,H,H,C) = —4(b,c) forall ¢c € J. Thus b =0, and a = 0 (in HT) is a similar
consequence of 0 = 3(HT, H, H, D) + (H, H, H, DT'); hence we have HT = 0.

From0 = 2(IT, I,C, D)+(I,I,CT, D)+(I,1,C,DT) = (I,I,CT, D)+(I,I,C, DT),
one has 0 = 4(cR, d) + 4(c, dW). Thus W = —R*, the image of R under the exceptional
automorphism of €¢(J).

Finally, from 0 = (IT,C,C, D)+2(I,CT,C, D)+(I,C,C, DT) we see that —4(c, ¢, dU) =
0 for all ¢,d € J, from which it follows by polarization on ¢ that (¢, e,dU) = 0 for all
¢,d,e € J. In particular, 0 = (I,1,dU) = 4Tr(dU), so that Tr(dU) = 0. Then for all
e € J,wehave 0 = (I,e,dU) = —(e,dU), so that dU = 0 by the non-singularity of the
trace form. Likewise S = 0, and we now have established that

v o c B 0 cR ~
(d 5) T= (—dR* 0 ) » RE&Q).
By analogy with the method of Freudenthal [2] in the complex case, we have therefore

shown that every 7" € £ is a sum of transformations of four types considered above, all of
which are in £, and which are collected below:
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We thus have a linear mapping (o, a,b, R) — N, + P, + Qp + Tr from the direct sum
TOIBI® E6(J) onto £.2 This mapping is in fact one-one; for if Ny, + P, +Qy+Tr = 0,

the image of [ is
a a
(5 %)=

sothat « = 0,a = 0 = b, and hence T = 0, from which R = 0. Thus £ has dimension
1+ 27+ 27 + 78 = 133, and may be regarded as the space § & J ® J P €4(J), with the
composition

[(Oé, a,b, R)7 (77@ d, S)] = (67 e, f, U)a

where
= 51,0 (@),
e— %('ya ~a¢) +aS — cR,
(5) Fe %(ad—vb) AR — bS*,
o0 = 2[(b,) ~ (@ D + (b 2)e — (e,d)a] +d x (o x 2)

—bx (¢cxz)+z[RS], z€3.

(This product may be read off from the effect of the commutator [Ny + Py +Qp+Tr, Ny+
P.+Qq+TslonIandon (§%).)

2. PROOF OF THE IDENTITY (3)
We shall use in the proof of this identity several other identities in j, which it will be
helpful to list (such evident identities as = ® y = y ® x are omitted):

6) (roex)ey)ex=(rex)e(yex) (Jordan identity);
(D) (z,yez)=(zey,z);
(8) If Tr(w) = 0, then (z @ w,y, 2) + (z,y e w, 2) + (x,y,z e w) = 0;
©) (zez)ex=2Tr(z)zex— (2Tr(z)* — (v,2))z + (v, 2, z)I.
Now every element of J can be written in the form A\l + b, where Tr(b) = 0. In view
of the bilinearity of (3) in y and z, it thus suffices to prove (3) in the four cases:
D) y=z=1
(i) y=1,Tr(z) = 0;
(i) z =1, Tr(y) = 0;
(iv) Tr(y) =0 = Tr(2).
In case (i), we have I x (I x z) = I x (Tr(z)I — z) = x + Tr(z)I, from which

6(x x z, I x (I xz))="06(xxx,x)+6Tr(z)(xxx,I)
=6(x,z,z) +3(1,x)(x,x, 1)
= (I, D)z, 2,2) + 3(L, z)(I, z, ),

and (3) is established.

2Typist’s note: This is the definition of the notation (a, b, ¢, d) for elements of £. Take caution that it looks
superficially similar to the 4-linear form defined in (2).
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In case (ii), we have
Ix(zxz)=Tr(zxz) — (2 xx)
= (z,2)] — 3(z,2)] —zex + Tr(zx)z + 3(z,2)]
=—zex+ Tr(zx)z,
from which
6(x xz,I X (zx1x))=—6(xxz,z0z2)+6Tr(z)(x x x,2)
= —6(z,z,z 02)+6Tr(z)(z, 2, 2).
The first term here is zero by (8), and the second is 3(1,z)(z,z,z). Since (I,z) =
2Tr(z) = 0, we have (I, z)(x, z,2) = 0, and (3) again holds.
In case (iii),
x (I xz)=yx (Tr(x)] —x)
=—Te(x)y —zey+Tr(x)y+ 5(z.y)I
= —a:oy—i—%(x,y)].
Thus
6(z x z,y x (I xx))=—6(z,z,z0y)+ 3(x,y)(x,z,I)
= (v, D)(@,2,2) + 3(z,y)([, 2z, )
as in (ii).
In case (iv) we note first that
(rxz,yx(zx2))=(rXz,92XT)
= ((z xz) x (2 x),y),
and that
(zx2)x (2 x2)=(zex—2Tr(z)z+ (Tr(z)* — 3(z,2))]) x (z 0z — Tr(z)z — 3(z,2)I)
= (vex)x (zex)—2Tr(zx)(z x (z01))
T (Tr(@)? — o, 2)) (I x (2 0 2))
— Tr(z)(z e z) X 2+ 2Tr(2)*(z x 2) + Tr(z)(Tr(z)* — 3(z,2))2
— 1z, 2)(wex) x I +Tr(z)(z,2)z x I — (2, 2)(Tr(2)” — L(z,2))I x I
= (o) x (z02) = 2Te(zx)(z x (z 0 2)) + (z,2)(Tr(2)* - 3(z,2))]
— (Tr(z)? — 2(z,2))z 0z — Tr(z)(z 0 2) X 2 + 2 Tr(z)*(z X 2)
+ (Tr(z)® — L Tr(2)(z,2))2 — 2(z,2)(2,2)] + L(2,2)z 02
+(2,2) Tr(2)*] = Tr(2)(2,2)z — (2,2)(Te(2)® — 5(z,2))]
= (o) x (vez) = 2Tr(x)(x x (zo2)) + (z,2) Te(x)*] - 5(z,2)(z,2)]
—Tr(z)(zez) x 2 — (Tr(z)? — &(z,2))z 0 2 + 2 Tr(z)z x 2
+ (Tr(z)® — %Tr( Yz, x))z + %( x)x e x — Tr(x)(z,x)x.

We use the above to compute 6(z X z,y X (z X z)) = 6((x x ) x (z X x),y); in the
expansion of this scalar product using our last value for (z X z) X (z X x), the first two
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terms are

6((zex)x (rez),y) —12Tr(x)(x x (x e2),y)
=6(zez,zez,y)— 12Tr(x)(z,z02,Y),
which since Tr(z) = 0 is equal by (8) to
—6((zex)ez,z,y) —6(xex,x,yez)+6Tr(z)(x,z,ye2).
Since Tr(y) = 0, we have (I, y) = 0; making use of these substitutions, we find
6(rxxz,yx(zxx)=—6((rex)ez,x,y)—6(zex,z,yez)
+6Tr(z)(z,z,ye2) —6Tr(z)(x ez, 2,y)
(10) — 6Te(2)*(z 0 2,y) + 3(, 2)(z 0 2,y)
+ 12 Tr(z)*(z, 2, y) + 6 Tr(z)? (2, )
—3Tr(x)(x, 2)(2,y) + 3(z,2)(z 0 2,y)
— 6 Tr(z)(z, 2)(2,y).
Now ((zex)ez,z,y) = (((vex)ez)xz,y) = (((rex)ez)ex,y) - ((vex),z)(z,y)— 10

Tr(z)((zez)ez,y) = ((zex)e(z0x), ) (_ oz, 2)(z,y) — Tr(z)((z e ) ® 2, y) by
(6), and this is

(zox)x (zox),y)+ (z,x)(z0x,y) + (z,2)(x 0 z,y)
—(z,y)(z oz, z) = Tr(z)((zex)ezy)
=(zox,x0z,y)+ (x,7)(z02,y) + (2,2)(x e z,y)
—(z,y)(z 0z, 2) = Tr(z)((z 0 x) ® 2,9)
=—((zoex)ez,x,y)— (zox,z,yez)+ (x,z)(z0x,y)
+ (z,2)(zox,y) — (z,y)(z oz, 2) — Tr(x)((zex)ez,y),

again using (8). Since this is an expression for ((z e z) @ z, x, y), we have

(woa)e2my) = 5l-(zor.mye>)
(11) + (z,z)(z0x,y) + (2,2)(z 0 z,y)
—(z,y)(x oz, z) — Tr(z)((x e x) @ z,y)].
Furthermore, (z @ z, 2,y ® 2) = ((z ® ) X =,y ® 2),> and
(zroez)xz=(vox)ex— (z,2)r — Tr(z)z ez + (Tr(x)(z,z) — 3(zez,2))]
=Tr(z)z e x — 2Tr(z)’x + (3 (=, 2, 2) + Tr(z)(z,2) — $(z ez, z))]
by (9); thus
(12) (zez,z,yez)=Tr(z)(zex,yez)—2Tr(zx)*(z,yez)+ 2(z,z,2)(y,2)
+2Tr(z)(x,2)(y, 2) — (x @ z,2)(y, 2).

3Typist’s note: The original reads “((z e ) X z, y, z)”"; the computation which follows uses the bilinear form,
as written here.
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Substitution in (10) of (11) and (12) yields
6(x x x,y x (zx2)) = —-3Tr(z)(zex,yez)+6Tr(z)*(z,yez2)
(13) — 3y, 2) (@3, 7) — 9 Te(@) (2, 2) (3, 2) + 3(y, 2)(z 0 7,2)
+3(z,y)(xox,z)+3Tr(x)(xex)ez,y)+ 6Tr(x)(x,z,yez)
—6Tr(z)(z ez, 2,9y) — 6Tr(2)%(z @ x,y) + 12 Tr(x)*(x, 2,y)
+ 6 Tr(z)(y, 2) — 6 Tr(x)(x, 2)(x, y).

11 By (7) and the commutativity of J, the first and seventh terms cancel, as do the second
and tenth. It will also be noted that the eighth and ninth terms combine to give

6Tr(z)[(z x z,yez) — (zox,yx z)]=06Tr(x)[(xrex,yez)—2Tr(x)(z,yez)
+2Te(2)*(y, 2) — (2, 2)(y, 2)
—(zex,yez)+ (2,2)(y,2)]
= —12Tr(z)?(z,y ® 2) + 12 Tr(x)3(y, 2).
The fifth term of (13) is equal to
3(y, 2)(x x @, 2) + 6 Tr(x)(2, 2)(y, 2) — 6 Tr(2)*(y, 2) + 3Tr(x) (2, ) (y, 2),

of which expression the first term is 3(y, z)(z, z, ). Now substitution in (13) from the
above yields

(14)  6(z xz,y x (2 x2)) = (y,2)(x,z,2) + 12Tr(2)3(y, 2) + 3(z,y)(z @z, 2)
— 12 Tr(z)*(x,y ® 2) + 12 Tr(2)*(z, 2, y)
—6Tr(x)(z,y)(z, 2).
Since (z @ z,2) = (z,x, z) + 2 Tr(x)(z, ), while

(x,yo Z) = (xvyaz) + %(y,z)(x,[) = (x,y,z) —|—TI‘($)(y,Z),

we may substitute in (14) to get
6(x x z,y X (z x x)) = (y,2)(z,z,x) + 3(z,y)(z, z, 2),
which completes case (iv) and the proof of the identity (3).

3. IDENTIFICATION OF £ AS F~

From (5) one sees that [(1,0,0,0),(0,0,0,5)] = 0 for all S € &4(J), so that if o
is a standard Cartan subalgebra [6] of €g(J), then $H = (0,0,0,90) + (F,0,0,0) is a
12 seven-dimensional commutative subalgebra of £. Also if .S is a root-vector relative to £
in €4(J), then (0,0,0,.5) belongs to a weight « of the adjoint representation of §) in £,
such that a((1,0,0,0)) = 0.
Moreover, one sees from (5) that
[(0’ a7 07 0)’ (07 07 07 T)] (07 aT’ 07 0)7
[(0,a,0,0),(1,0,0,0)] = 5(0,4,0,0),
[(0,0,b,0),(0,0,0,T)] = —(0,0,bT™,0),
)]
)]

[(070717’0))(17070’0 _%(0a05b70)7
[(anvbv 0),(0,@,0,0 = (Oé,0,0,U),

where o = £(a,b), cU = £(a,b)c + 3(b,c)a — b x (a x c).
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Letting w1, ..., ug be the basis for € we have used in studying &4(J) [8], and letting
ui(j, k) = u Bk + @ Epj € 3,1 <4 <8,1<j <k <3, these u;(j, k) together with

the matrix units £;

with
wi(1,2)h; = 6iui(1,2), 1<i,j <4;
’U,i+4(1,2)hj (5Uul+4(1 2), 1 S i7j S 4;
(1

up(1,2)hs =0, ur(1,2)he = ur(1,2), 1<k<8.

Since [(0, ux(1,2),0,0),(1,0,0,0)] = %(O,uk(l,Z),0,0),each (0,ux(1,2),0,0),1 <
k < 8, is a root-vector in £ relative to £). The corresponding root ay (1, 2) is given by

ak(l, 2)(2]7:1 )\jhj) - )\k + >\6 + %)\7, 1 S k S 4;
an(1,2)(X0_ Ahy) = —Ae—a + A+ A7, 5 <k <8,

here h; = (0,0,0,h;)*, 1 < i <6, hy = (1,0,0,0). Similarly (0,0, u(1,2),0) belongs

to the root i (1, 2), where
Be(1,2)( Ajhy) = Ak = X6 — 5A7, 1<k <4

ﬂk(l,Q)(Z/\'h‘):—)\k_4—)\6—%)\7, 5 <k <8.

Likewise, results on €g(J) from [8] show that:
(0,ur(1,3),0,0) belongs to cx(1,3), where

ar(1,3) (S Ahi) = 3@\ = X M) + A5 —Xe + 2Ar, 1<

k
ae(1,3)(C Ajhy) = 551 A — 2Me—a) + A5 — Ao+ 2A7, 5SS 8;

(0,0, ug(1,3),0) belongs to Bx (1, 3), where

Br(1,3) (X Ajhy) = an(1,3)(X5_y Ajhy) = As + X6 — 2A7, 1<k <8
(0,ux(2,3),0,0) belongs to o, (2, 3), where
a(2,3)(CNhy) = (M +20 = X0 \) — A+ 2hr, 1<k <3;
a(2,3) (X Ahy) = =3 350 A = As + 3
a(2,3) (T Ahy) = 5701 A — M —2x—a) = As+ A7, <K ST
as(2,3) (X Ajhy) = 23000 A — As + 2An;

(0,0, ux(2,3),0) belongs to Sk (2, ), where
Br(2,3)(Z Ahy) = ak(2,3) (i Ajhy) + 25 — 3hr, 1<k <8;
(0, E;;,0,0) belongs to 7;, 1 < i < 3, where
(X Ajhy) =2Xs + 2A7, 2 (30 Ajhy) = —2X5 + 26 + 27,
13(30 Ajhy) = =26 + 3273
(0,0, E;;,0) belongs to —v;, 1 <7 < 3.

4Typist’s note: This superficially paradoxical equation means to say that the author will abuse notation and

write h; € £ also for the image of h; € €g(J) under the embedding €6 (J) — £ defined above.

j5» 1 < 7 < 3, form a basis for J relative to which the transformations in
a certain Cartan subalgebra of () act diagonally [8]. To show that £ is simple of type
FE;, we may assume that ) is this Cartan subalgebra. From [8], $y has a basis A1, ...,
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All the a;, (4, m), Br(j, m), i, and all the non-zero roots to which belong vectors of the
form (0, 0,0, S) are distinct, span the dual space of §), and contain no arithmetic progres-
sion of roots whose difference is a root and having length greater than three (in fact the
only progressions of this form of length three have the form —a, 0, a, where 0 is admitted
as a root). One now sees that £ has center zero, and has all the characteristic proper-
ties of a Lie algebra of classical type [5] except possibly the properties [££] = £ and
that [£,£_,] be one-dimensional for every non-zero root « (for § and the root-vectors
listed above span £). To show [££] = £, we see by the above and the fact that &5(J)
is its own derived algebra that it suffices to show (1,0,0,0) € [££]. But now from
[(0,0,b,0),(0,a,0,0)] = 3((a,b),0,0,U), U € €4(J) it follows that (1,0,0,0) € [££],
and from 53;(j, k) = —iya(j, k), Biva(j, k) = —i(j,k), 1 <i < 4,1 < j <k <3,
together with (u;(j, k), uira(5,k)) = 4,1 <i<4,1<j <k <3, and (Ey, Ey) = 2,
1 < < 3, that [£,£_,] # 0 for all roots & whose root-vectors are not in €g(J). For
those £, C &;(J), we already know that [£,£_,] # 0 from [8]. Since all £, are one-
dimensional, it follows that all [£,£_,] are. Hence £ is of classical type, therefore a direct
sum of simple algebras of classical type [5]. We display a fundamental system of roots of
type Er for £; from this the simplicity of £ follows by [5].

From [8], we take a fundamental system of roots in &g(J) with respect to £, calling
them «s, . .., a7, and extend these to $) by «;(h7) = 0, 2 < ¢ < 7. We adjoin the root
a1 = ~1. With this choice, we then have:

a1 (E )\jhj) = 2/\5 + %/\7;

as(SSAjhj) = =M1 — 2)5 + Ae;
az(DoAjhj) = A1 — Ag;
as(3oAjhi) = A2 — As;
as(SSAhy) = As + g
a6 Ajhy) = 5300 A+ As — 2);

047(2 )\jhj) = )\3 - )\4.

(The root-vectors corresponding to the last six of these will be found in [8].) They have
the diagram [5]:

aq Qg [0 %:) (e 7] Qs Qg

That is, they form a simple system of roots of type E7. Therefore £ is simple of this type,
again by [5].

4. THE ENVELOPING ALGEBRA OF £

In this section we show that the enveloping associative algebra of £, as a Lie algebra
of linear transformations of ®0, is the full algebra of linear transformations. By familiar
results on associative algebras ([3], pp. 35, 39), it suffices to show that £ acts irreducibly in
0 and that its centralizer consists of scalar multiplications. To see the latter assertion, we
first note that since %1, j:% are all distinct in §, any linear transformation X of 20 which
commutes with all N, of (4) must have the form

£z (A zS
(y n)X<yT /m)



ON THE SPLIT EXCEPTIONAL LIE ALGEBRA E~7 11

where A, p are fixed in §, and where S, 7" map J into J. If, moreover, X commutes with
all P, of (4), we have

(b )= (205 %)

for all n, a, z,y; from this it follows that yT' = Ay, aS = pa for all y, all a, and that
AMax x) =ax (ux) = p(a x z) for all a, all z, from which p = X, and X = \I, a scalar.
To show that £ acts irreducibly in 23, let

be a non-zero element of 0. If  # 0, then a suitable P, P, maps v into an element of the

form
(f; 8>7 y # 0;

since €g(J) acts irreducibly in J [8], operation with an element T'; yields a non-zero
element of (§§). If v has z # 0, then operating first with Qp, (z,b) # 0, yields an
element with  # 0, and we transform this into a non-zero element of () as above. If
y # 0 in the original v, we choose a € J with a x y # 0 and operate with @), to obtain
an element satisfying the condition = # 0. Finally, if £ # 0, we choose a # 0 and operate
with @, to obtain an element with 3 # 0. Thus every non-zero £-invariant subspace of °
contains non-zero elements of (§ § ).

By the irreducibility of €g(J), any invariant subspace of U relative to £ contains the
subspace (9 (). Similarly, (§ J) is contained in every invariant subspace. Applying map-
pings P,, Q, now shows that *J is irreducible relative to £.

5. AUTOMORPHISMS OF £

Let K be the algebraic closure of §. Then the Lie algebra £4 obtained from £ by exten-
sion of the base field acts in the space U g, and is the algebra of all £-linear transformations
of Uz which are skew with respect to the unique 4-linear extension of our form on . By
the above, £ is a simple Lie algebra of type E7 over 8. We regard £ as an §-subalgebra
of £g, U as an £-submodule of V. By [6], the automorphism group of £4 consists of
“invariant” automorphisms.

Steinberg [9] has shown that the group J of invariant automorphisms of £ (or of £g)
is generated by the mappings exp(ad(Ae,)), where e,, runs through a set of root-vectors
relative to a given standard Cartan subalgebra. In particular, one may take as Cartan sub-
algebra our 5 of §3 (or HHg, in the case of £g).

From [8] it is known that if T' € &g(J) is a root-vector relative to $)g, then so is 7™, and
T? =0 = T*2, acting in J. It follows at once that (0,0,0,7")? = 0, acting in 0. Next we
note that if ¢ € J is among the u;(j, k) or the E;;, then ¢ x ¢ = 0; for in the former case,
cec = 0and Tr(c) = 0, while in the latter, c e ¢ = 2¢, Tr(c) = 1, (¢,¢) = 2. Hence
the root-vectors relative to ) of the forms (0, ¢, 0, 0), (0,0, ¢, 0) as listed in §3, which send

a a) . .
A= < b ﬁ) into, respectively,

Lbe) Be 0 exb
(2c><a O) and (ac %(a,c))

3 Typist’s note: The original has “subspace of J”.
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have squares sending A into

1
s(cxa,c) 0 0 alexc)
<B(c><c) 0 and 0 2(cxbe))’
respectively, and thus have squares equal to zero (for (¢ X a,¢) = (¢ X ¢,a) = 0). Thus J

is generated by mappings exp(ad(Aey)), ea € £, €2 = 0. It follows by §1 of [7] that the
mappings exp(Aey) = I + Ae,, of U preserve the form ¢ and that, for ' € £,

T exp(ad(Aeq)) = exp(Aeq) 1T exp(Aeq ).

Thus the group of invariant automorphisms of £ is contained in the group of automor-
phisms of the form X +— U1 XU, where q(AU) = q(A) for all A € .

The above considerations apply equally well in the algebraically closed case, where the
fact that the invariant automorphisms constitute the full automorphism group yields the
conclusion that the automorphism group of £g consists of all mappings X — U~1XU,
where U preserves the quartic form g on Ug. As in [7] and [8] we can now draw the
following conclusions about the automorphisms of £:

Theorem. Let £ be as above. Then the group of automorphisms of £ is the set of mappings
X + B7'X B, where B is a non-singular linear transformation of 0 such that for some
B(B) # 0in § and for all A € B, ¢q(AB) = B(B)q(A). Such transformations of U
constitute a group, the group of g-similitudes, and the group of automorphisms of £ is
isomorphic to the quotient group of the q-similitudes modulo scalar transformations.

6. ¢q-ISOMETRIES AND THE GROUP OF CHEVALLEY

Let T be the group of transformations of 2 generated by the I + Aey, A € §, a a root
with respect to $). Then the center of ‘T consists of scalars, and is the kernel of the mapping
of ¥ into the automorphism group 2((£) of £ which sends 7' € T onto the automorphism
X —» T71XTof £ The image is the group G’ of Chevalley [1], [9]. Let G be the group of
g-similitudes of 2J; then we have seen that the mapping sending S € G onto X — S~1X S
is a homomorphism of & onto 2A(£) with kernel §*.

Let 9 be the group of g-preserving linear transformations of 2, P{ its image in 2A(£)
under the above mapping, and PZ the image of . Then T C Q C &, PT C PQ C 2A(L),
P% = @ as above.

For 1 < i < 7, let h; be the unique element of [£,,, £_,,] with a;(h;) = 2. If
wi(h;) = 0i5, 1 < 4,5 < 7, defines a basis {w;} for the dual space $* dual to the basis

{h;} for £, we have
ar =Y ap(hiwi =Y Apwi,

where Ay; is the (rational) Cartan integer corresponding to the pair of roots ay, «;. Then
Ay = 0,—1, or 2, the last only if & = 7. Let 3 be the free abelian group on generators w,
in 1-1 correspondence with the w;. Let R be the subgroup of 3 generated by the elements
ay, =y Apw;, 1 < i < 7. Since (Ay;) is non-singular, the o, are free generators for .
Corresponding to any §*-valued character x of R, there is (e.g., by the “isomorphism
theorem” of [5]) a unique automorphism 6 = 6(x) of £ leaving § fixed and with

el =x(a))eq, 1<i<T.

Ifa=> , M is the “canonical representation” [6] of aroot o of £ relative to oy, . . ., az,
then
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el = (H x(aé)mi) €a

for e, € £,.

Moreover, Chevalley [1] and Steinberg [9] have shown that every automorphism of £ (of
type E7) is congruent, modulo the invariant subgroup G’, to such an automorphism (),
and that 6(x) is in G’ if and only if ¥ is the restriction to R of an F*-valued character of
B. The choice of indices which we have adopted and the Cartan matrix for E7 give:

05/1 = 2&)/1 - w/27
ag = 2w — wi,

an = 2w, — wh,

!/ /! !/ / /
0y = —Ws + 2w, — Wy — Wy,
/ / !/ / -
o = —w;_ 1 +2w; —wiyg, 1=2,3,5.
The corresponding fundamental system of roots a1, . . . , a7 is given by the same combina-

tions of the w;. Now let
B = —w) — 12w} + 24w,
By = wi + wh — wh = ) + aj,
= dWy — 4wg — 24w, + 48w, = —oa3 — bay, — 4as — 205 + 21y,
% = bwh — 4wl — 24w} + 48wh Sag — 6y — 4oy — 20 + 21as
By = wh — wh — dw) — wi + Yl = —aly — aly — af — ag + 4o,
Bt = 3wg — 2wy = ai + 20 — o,
B = 2 — wh = af,
7 = 2 —wy = af.
Then
23] = —3a)] — 4al, — Haly — 6aly — day — 2a5 + 21ak,
and one readily checks that 37, ..., /3, form a basis for 93, while 261, 55, ..., 8, form a
basis for JR. Thus § = 0(x) is in G’ if and only if x(203]) is a square, ie., if and only if
x(@h)x(az)x(a7) € F*2.
Now let 1 be a character of *J3 defined as follows, relative to the character y of fA:

x1(Bi) =x(Bi), 3<i<T;

x1(82) = Ax(es),  xa(B1) = p;
here A € §* is so chosen that Ay(aj3)~tx(a%) € F*2, and p € F* satisfies

P = Ax(a) ™ x(ar) (Ax(ag)) " x(eh) ~x(al) " x(ag) T x(ag) “2x(ar)®.

Then we have f(x1) € G’ by the above. Letting y2 = xx; ', a character of ¢, we see that
0(x2) = 0(x)0(x1)~t € G’ if and only if O() € G'. Moreover, we have

x2(B) =1, 3<i<T,
x2(B5) = X(Bo) A x () ™" = x(a)) A7,

and
x2(281) = x(267)p72 = x(a}) 73N?,

21
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from the definition of x1. From x2(5) = 1 = x2(85) we have x2(o%) = 1 = xa(ag),
and from these and x2(5%) = 1, that x2(af) = 1. Next, using these observations, we have

1= x2(81) = xa(a) " xa(ay) ™
and
1= x2(83) = (xa(ab)x2(ay) " x2(a3),
from which x2(af) = 1 = x2(a). We then have

x2(B8%) = x2(a))x2(ah) = A x(a)),

X2(267) = x2(a)) x2(ap) ™t = (A x(a))) 7,
from which yz(ah) = 1, x2(}) = A~ tx (). Thus

xz(a)xz(as)x2(a7) = xa(ay),
and 0(x2) (or 0(x)) is in G’ if and only if y2(a}) € F*2.

Now let S be a ¢g-similitude of 2, and consider the automorphism X + S~1X S of £;
by the remarks above, there exists 7' € T such that the automorphism X + (ST)~*X ST
of £ leaves fixed §) and all root-vectors eq,,e_q,;, 2 < ¢ < 7, and multiplies e,, by
A1 € §*. Moreover, the automorphism induced by S is induced by an element of ¥ (i.e.,
is in the group G’) if and only if \; € F*2. We further have ¢(v(ST)) = q((vS)T) =
q(vS) = oq(v) for all v € Y, where o € F* is the factor associated with the ¢-similitude
S. From our realization of £ and the above it follows at once that the automorphism of £
induced by U = ST € G leaves fixed the subalgebra 4(J) consisting of all mappings

£ x 0 xR ~
(y T]) — <_yR* 0 > ) Re GG(J%

as well as the mapping N,, of (4) (since N, € 9).
As in §4, it follows from U N, = N,U that U has the form

§ o B¢ zB
(y n)H(yC 777)’

where B and C are non-singular transformations of J and where 3,y are fixed nonzero
scalars. The fact that U commutes with all elements of &¢(J) and the absolute irreducibil-
ity of €4(J) in J now yield B = 61, C' = el, where 0, ¢ € §*. Thus U sends

(ﬁ w) into <ﬁ£ &U).
Yy on €y M

Choosing * = 0 = y, with £n # 0, the condition q(vU) = oq(v) gives (87)%(£n)? =
a(&n)?, or o = (B)?. Thus o € F*2, or every factor of similitude is a square.
Similarly, choosing 7 = 0,y = 0, £ # 0, (z,z,2) # 0 gives 36 = o = (37)? from

the above; likewise, 0 = ve? = (d¢)2. Thus v = e 2 = p?e=3, § = pe~!, where p is
one of the elements of § with 12 = o, and 8 = 063 = p?u3€3 = p~'e3. Therefore
3 w) <u163£ u61x>
15 U= _ ,
() (y U ey ple iy

€ # 0, u> = 0. Conversely, such a mapping U is a similitude with factor o.
Now the root-space £, in our decomposition is spanned by (0, E11,0,0), where E1; =
diag{1,0,0} € J, and where (0, F11,0,0) sends

§ z\ . 5(E1,y) nEn
<y n nto By X @ 0 .
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Thus U~1(0, E11,0,0)U = A1(0, E11,0,0), with the automorphism induced by U lying
in G’ if and only if \; € §*2. Now U~1(0, E11,0,0)U sends

¢ 2\ o (zr e Eny) polenkn
y on pte(En x x) 0 ’

sothat \; = u~ e, \; € F*2if and only if p € F*2.

We thus conclude that if S is a g-similitude with ¢(vS) = oq(v) for all v € 2, then
o € §*2, and thereis a T € T with S = UT, where U is as in (15); the automorphism of
£ induced by S (or that induced by U) is in G if and only if u € F*2.

In particular, consider the case S € 9, i.e., 0 = 1. Then S = UT, where U is as in
(15), with g2 = 1. With g = 1, the automorphism induced by S is in G’; with u = —1,
this automorphism is in G’ if and only if —1 € §*2. Thus the mapping IsG’ — pg*?,
sending the coset by G’ of the automorphism Is induced by S onto the coset uF*2, yields
an isomorphism of P/ PT onto the quotient (F*2 U (—1)§*?)/F*2. Applied to P&/ PT,
the corresponding mapping is an isomorphism of this group onto §*/F*2, an observation
which may be viewed as another interpretation of the isomorphism 21(£)/G’ = F*/F*>
of Steinberg. It is clear that PG/PQ = §*?/F** under the mapping sending the coset
corresponding to S € & into oF**, where q(v.S) = oq(v) for all v € 0. We thus have the
commutative diagram with exact rows:

1 — PQ/PT — P&/PT —— P&/PQ — 1

a6 | I |
1 — (S*QU(—1)5*2)/3*2 [N 3«*/3*2 [N 3*2/3*4 - %1

where the columns are the isomorphisms above, the mapping of P& /P¥ onto P& /P1) is
the canonical homomorphism, and that of §*/F*? onto §*2/F** sends AF*? onto A\2F**.

As to the structure of G itself, rather than that of PG, we cannot be so precise. From
the above it is clear that every S' € & can be written in the form S = A\UT, where \ € §*,
T € %, and where U is as in (15) with uz = o, the factor of similitude of S. Now ¥ is
an invariant subgroup of &, since whenever S € G and e, € £ is a root-vector relative
to a standard Cartan subalgebra, so is S~ 'e,.S. Because T can be described as the group
generated by the exp(e,) = I + e, for all such e,, € £, we have the assertion.

Furthermore, & /% is commutative; for if S; = AU Ty, So = AUyT5 are as above,
we have S51.55% = A\ AU UsT. Tt is clear from the form of U7, Us that these commute, so
that S1.5:% = 5551%F. Hence ¥ contains the commutator subgroup of &. We show that T
is its own commutator subgroup, hence coincides with those of & and of Q. To this end,
it suffices to show that each I + e, is in the commutator subgroup of ¥ (by [9] we may
assume that the e, are root-vectors in our special decomposition, so that ei =0).

Lete, € £4,e_o € £_, as above, and let It be the three-dimensional subalgebra of
£ spanned by e, €_q, [6a€_q]. By aresult of Jacobson [4], the representation of 9t in U
is completely reducible and ‘U is the direct sum of trivial one-dimensional 9)I-submodules
and of irreducible two-dimensional submodules, in each of which it may be assumed that
the matrices of e,, e_q, [ea€—_q] are, respectively,

0 1 0 0 -1 0
0 0)’ -1 0)’ 0o 1)°
Now for all v # 0 in §, ¥ contains the transformation

(I4+ve )T+ v e o) (I +vea)I —ex)(I —e_o)(I — eqy).
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This mapping has in the 2-dimensional 9)i-submodules of U the matrix diag{v,v 1},
while it is of course the identity on the trivial submodules. Choosing v such that 12 # 1
and X such that A(1 — v=2) = 1, we see that the commutator subgroup of T contains
the transformation which is the identity on the trivial 9-submodules of U and on the
2-dimensional submodules has matrix

o D)6 D626 )6 )

that is, I + e, is a commutator in ¥, as asserted.
A more concisely described set of generators for ¥ may be given; namely, for each
¢ € J the maps

o (§ D)o (SO R dced) )

y y+ (zxc)+3n(cxc) n
and
(& = ¢ T+ (y xc)+3E(cxc) )
(18) %(y n)H(waEc 0+ 13,0 + Ly, 0, 0) + S(e,00)

are in ¥ and the set of these mappings, formed for all ¢ € J, generates T. To see this,
it will be noted from the multilinearity and symmetry of the forms involved that ¢ — ¢,
and ¢ — 1), are homomorphisms of the additive group of J into the full linear group of *U.
When ¢ € J satisfies ¢ x ¢ = 0, we have ¢, = I + (0,¢,0,0), ¥b. = I + (0,0,¢,0), in
the notation of §1. By §§3,5, J has a basis consisting of elements ¢ with ¢ X ¢ = 0 and
such that (0, ¢, 0, 0), (0,0, ¢, 0) are root-vectors relative to a standard Cartan subalgebra of
£. For each such cand each A € §, ¢r. = I + A(0,¢,0,0) and ¥y, = I + A(0,0,¢,0)
have the form I + Ae,, hence are in . That ¢, 1. are in ¥ for all ¢ € J now follows from
the homomorphism property of the mappings ¢ — ¢, ¢ — ..

To show that the ¢, and 1. generate ¥, it now suffices to show that the group they
generate contains all I + \e,, where e,, is one of the root-vectors of §3. When e, has
the form (0, ¢, 0,0) or (0,0, ¢, 0), this has already been established. From §3, our group
contains all I + Ae,, where the coefficient of 1 in « is different from zero. Thus the
group of automorphisms of £ induced by the group generated by the ¢., 1. contains an
automorphism of £ which maps £ into $ and maps root-spaces according to the Weyl
reflection S, of the roots, for each « as above (c¢f. [6]). In particular, £,, and £,, 14, are
conjugate by an element of our group which induces S,,, from which it follows that all
I + MAeq, are in our group. A similar argument shows that the group in question contains
all I + Aeq, a = £ay, 1 < ¢ < 7. Since these S,, generate the entire Weyl group 20,
and since 2 acts transitively on the roots, another application of the argument yields the
assertion.

In summary, we have the following theorem:

Theorem. Let £,%0 be as in §1. Then the group G of q-similitudes of *U is the set of non-
singular linear transformations B of 0 such that for some o(B) in §*2 and for all v € U,
q(vB) = o(B)q(v). The commutator subgroup T of & is its own commutator subgroup,
and X is properly contained in £, the group of q-preserving transformations, if —1 is not a
square in §. The group T is generated by the mappings ¢, V. of (17), (18), where c runs
overJ, and induces the simple Chevalley group G’ of automorphisms of £. The groups of
automorphisms of £ induced by &,Q, %, respectively, are the quotients PG, PQ, PT of
these by their centers, and these are related to the arithmetic of § as in the diagram (16).
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